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Spudcans are used extensively as foundations of mobile jack-up rigs in the offshore industry.
As jack-up rigs are usually not permanent structures, they would be moved from one loca-
tion to another. Therefore, spudcans need to be extracted from the sea bottom after each
operation. The objectives of this research were to develop numerical models to simulate the
breakout process of spudcans from the sea bottom and to get a better understanding of the
problem using the numerical models developed.
The hybrid and enhanced finite element methods with bi-linear interpolations for both
the solid displacements and the pore fluid pressures were derived based on mixed variational
principles for problems of elastic soil consolidation. Both of these two low-order elements
could eliminate the oscillations of nodal pore pressures even in the undrained conditions,
would not cause volumetric locking and shear locking, and are insensitive to mesh distor-
tions. Thereafter, the plane strain and axisymmetric enhanced elements developed for elastic
consolidation problems were extended to elasto-plastic problems and such elements were
demonstrated to be capable of predicting the collapse loads accurately. The enhanced con-
solidation elements were used later in the numerical models for simulation of the breakout
process of spudcans.
Spudcans may be either partially or completely penetrated into the seabed depending
on the loading, seabed condition and geometric size of the spudcans. In this thesis, firstly, a
numerical model was developed to simulate the breakout process of a circular disk initially
lying on the seabed surface, thereafter, it was extended to simulate the breakout process of
a partially penetrated spudcan. In the numerical model, the soil was assumed to be linear
elastic and the breakout process was assumed to comprise three stages in sequence: no-gap
stage, transition stage and with-gap stage. The whole breakout process could be simulated
consistently by solving a consolidation problem of the seabed subjected to different boundary
conditions in the three stages at the seabed surface. The numerical results were compared to
some available theoretical and experimental published results. Thereafter, some parametric
studies were performed using the numerical model for the breakout process of the spudcan.
Another finite element model was developed to simulate the breakout process of spudcans
ix
completely penetrated in the soft seabed, in which a non-associated modified Cam clay type
soil model was employed. In the finite element model, the spudcan was initially assumed
to be “wished-in-place” at a predetermined depth of the soil and then certain assumptions
were made to approximate the stress field in the soil immediately after the installation of the
spudcan. The assumptions used herein were verified. The finite element model was verified
through back-analyzing the available centrifuge tests (Purwana et al., 2005), in which the
Malaysian kaolin clay was used. The numerical results were compared to the centrifuge results
and they show good agreement. The finite element results were also utilized to investigate
the failure mechanisms involved during the breakout process in the centrifuge tests. Finally,
some parametric studies were carried out using the finite element model with marine clay
properties to examine the breakout of spudcans in more practical offshore situations.
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Mobile jack-up rigs have been used extensively in the offshore industry to drill oil and gas
wells in water depths up to about 100m. Usually jack-up rigs consist of a buoyant triangular
platform which is supported by three independent truss work legs. These legs can be lowered
and elevated by machinery on the platform. The weight of the platform and equipment is
more or less equally distributed on the three legs. A typical jack-up rig is shown in Figure
1.1 (Reardon, 1986).
Figure 1.2 shows the operational modes of a jack-up rig (McClelland et al., 1982). Firstly,
the jack-up rig is towed or propelled to the work site with its legs up. When it reaches the
site, the legs are lowered to the seabed, where they continue to be penetrated into the sea
bottom until adequate bearing capacity exists for the hull to climb out of the water. Thus the
once-floating hull becomes an elevated working station. The operational height of the hull is
typically 10∼15m above sea level (Poulos, 1988). After the hull is elevated to the operational
height, the jack-up rig is pre-loaded by pumping sea-water into the ballast tanks in the hull,
which are emptied before the installation. The preloads would expose the jack-up rig to a
larger vertical load than what would be expected during service. In the offshore industry,
usually the total combined pre-load, i.e. jack-up mass plus sea-water, is about double the
mass of the jack-up. The reason for this is to preload or pretest the foundations of the jack-up
rig by exposing them to loads greater than they would meet in a 50-year large wave storm
(Tan, 1990).
Commonly each leg of typical modern jack-up rigs is equipped with a footing known
1.2: Modeling of Breakout Phenomenon 2
as “spudcan”. Figure 1.3 shows the evolution of spudcans used in the offshore industry
(McClelland et al., 1982). Since the 1980s, spudcans are generally designed to be circular or
polygonal in plane, with a shallow conical underside and a central spigot to facilitate initial
location and to improve resistance against sliding. This type of footing is preferred since it is
relatively inexpensive, easy to install, appropriate for soft seabed and having significant uplift
capacity compared to other choices. Early jack-up rigs were supported by 8–12 individual
legs, but most present-day designs use only three legs. As a result, there has been a trend
towards larger spudcans, and the majority of jack-up rigs have bearing areas ranging between
90 and 165m2 (Poulos, 1988). At the present time, spudcans with diameter in excess of 20m
are common for large jack-up rigs in the offshore industry.
A jack-up rig is traditionally used as a temporary structure and will be moved to other
locations after its task is finished at the current work site. As a consequence, spudcans have
to be removed from the sea bottom after every operation. However, in the field, usually the
extraction of spudcans from the sea bottom is difficult, especially when spudcans are deeply
penetrated into soft clay. An approach commonly used in the field operations to ease the
extraction is by moving spudcans upward and downward continuously in a cyclic manner.
The aim of this approach is to weaken the soil around spudcans. However, the effectiveness
of this approach in the field remains unclear.
1.2 Modeling of Breakout Phenomenon
During the extraction process of objects from the ocean bottom, suction forces would be
created at the contact area between the object and the subsoil. These suction forces should
be overcome in order to lift up the object, and this process has been designated as the breakout
phenomenon (Foda, 1982; Mei et al., 1985; Sawicki and Mierczyn´ski, 2003). The breakout
problems in previous studies may be subdivided into two general categories: problems in
which objects are partially embedded into the soil and soil resistance above the object base
can be negligible, and problems in which objects are completely embedded into the soil.
An object either partially or completely embedded into seabed soil usually requires a force
greater than its submerged weight to remove it. The force required to remove an object in
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excess of its weight or foundation uplift capacity is often called the breakout force or breakout
resistance in offshore engineering (Rapoport and Young, 1985).
For objects partially embedded into soil, Liu (1969) suggested three possible mechanisms
for breakout: (1) Soil shear failure – when the interior shear stress exceeds the yield strength,
fractures develop, leading to failure; (2) Soil tension failure – if the top layer of the soil is
fine clay, fluid saturation diminishes the cohesive strength of mud; (3) Failure of adhesion
between soil and the object, this is the dominant mechanism when the top soil is quite
stiff and the object surface is smooth (Mei et al., 1985). Only few works are available for
the problems of partially embedded objects. The soil failure under upward loading was
investigated by Rapoport and Young (1985) and Byrne and Finn (1978) to predict the uplift
capacity of shallow offshore foundation, where the first mechanism suggested by Liu (1969)
was involved. They proposed that the force required to immediate breakout can be estimated
from the inverse bearing capacity of the soil. As to the breakout problems in which the third
mechanism suggested by Liu (1969) is involved, Sawicki and Mierczyn´ski (2003), Foda (1982)
and Mei et al. (1985) proposed analytical models only for part of the breakout process of
circular disk or long plate. Otherwise, the author is unaware of published works that deal
with the mechanism (2).
For objects completely embedded into the soil, the most extensive research were carried
out at the U.S. Naval Civil Engineering Laboratory (NCEL) in the late 1960s (Muga, 1966,
1967, 1968; Liu, 1969) using both fields tests or large-scale laboratory facility. Some empirical
formulas were also proposed to consider the breakout force and breakout time. However, it
seems that the accuracy of the prediction from these formulas is unsatisfactory. Further, the
realm of application of these formulas is limited to a particular soil type and a particular
set of placement and pullout conditions. Vesic (1971) gave valuable insight to the breakout
problems based on the previous published literature, where the effects of soil remolding, rate
and character of loading, soil adhesion, soil suction force, effect of soil liquidity, etc. were
investigated qualitatively.
Until now, only two published works, i.e. Craig and Chua (1990b) and Purwana (2007),
are available to investigate the breakout phenomenon of spudcans completely embedded in
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soft clay using the centrifuge tests. These two papers provide some insight into the extraction
of spudcans in soft clay. However, it seems that no numerical/analytical model is available
in the public domain to simulate the breakout process of spudcans.
1.3 The Need for More Research
Extraction of spudcans from the sea bottom is one of the critical phases in jack-up operations
(Young et al., 1984). Usually the extraction is carried out by the machinery on the platform.
In the offshore industry, the typical extraction rate of spudcans is about 7mm/s with a
total jacking capacity of around 15, 000tons (Keppel, 2006). The penetration of spudcans
depends mainly on the geometric shapes of spudcans, the subsurface soil condition and the
preload applied. The extraction is more difficult when the seabed is soft resulting in the deep
penetration of spudcans (which can be about 2∼3 spudcan diameters). The delay or inability
to extract the spudcan has serious economic consequences.
While centrifuge tests are being carried out at the National University of Singapore to
investigate the breakout phenomenon of spudcans and for which some useful conclusions have
been obtained (Purwana et al., 2005; Purwana, 2007), the development of numerical models
is still helpful to give a better understanding of the breakout of spudcans. Further, it is
expected to predict the extraction force and time required for the breakout of spudcan with
reasonable accuracy by using numerical models.
However, it seems that literature on the breakout phenomenon is rather scarce, and
most works concentrated on laboratory experiments or field tests. Few numerical models are
available to simulate the breakout of spudcan from the seabed.
1.4 Objectives and Scope of Present Work
The main objective of the present work is to develop numerical models to simulate the
breakout process of both partially and completely embedded spudcans in the seabed. In this
research, new efficient low-order finite element methods for problems of soil consolidation were
also developed and subsequently used in the numerical models for breakout of spudcans. The
specific objectives and the methods of approach are described below.
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1. Developing new low-order mixed finite elements for problems of soil consolidation
For problems of soil consolidation, usually different interpolations for solid displace-
ments and pore fluid pressures are necessary for conventional displacement-based finite
elements. The most frequently used is quadrilateral element with eight nodes for solid
displacements and four nodes for pore fluid pressures. Due to the efficiency, accuracy,
and easy use of low-order finite elements, two types of new low-order mixed finite ele-
ments (hybrid elements and enhanced elements) were developed for both plane strain
and axisymmetric consolidation problems by extending the hybrid stress method and
the enhanced assumed strain method, respectively, in elasticity mechanics. These two
types of new consolidation elements use bilinear interpolations for both the solid dis-
placements and pore fluid pressures. Further, it was shown that the elements proposed
in this study could be easily extended to plasticity consolidation problems.
2. Developing numerical model for breakout of partially embedded spudcans
When the subsurface soil is relatively strong, spudcans may be only partially embedded
into the seabed. In the present work, firstly, a numerical model was developed to
simulate the breakout process of a circular flat plate lying on the seabed surface since
there are some theoretical solutions available for this problem. After the model for
the circular flat plate was developed and verified, it would be extended to simulate the
breakout process of partially embedded spudcans.
In the numerical model, the seabed was assumed to be elastic and porous. The breakout
process was assumed to compose of three stages in sequence: no-gap stage, transition
stage, and with-gap stage. In the no-gap stage, the spudcan was assumed to be in
contact with the seabed surface. When the uplift force was applied to the spudcan,
the negative excess pore pressures (suction) will be generated in the soil and at the
base of the spudcan. Biot’s consolidation theory was employed to take into account
the dissipation of the excess pore pressures. The condition of zero normal effective
stresses at the interface between the base of the spudcan and the seabed surface was
adopted as the criterion of separation at the interface. After the spudcan is completely
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separated from the seabed surface, the with-gap stage begins. In the with-gap stage,
creeping flow was assumed for the fluid motion in the tiny gap between the base of
the spudcan and the subsoil. In the with-gap stage, two factors: the deformation and
the permeability of the seabed, which may affect the breakout process, were taken into
account. In addition, a transition stage was proposed to connect the no-gap stage and
the with-gap stage. Though initially the three stages were discussed separately, they
could be simulated consistently from one stage to another in the present numerical
model. The present numerical results were compared with published theoretical and
experimental results.
3. Developing numerical model for uplift problem of completely embedded spudcan
When the subsurface soil is soft, spudcans may be completely embedded into the seabed.
A numerical model was developed to simulate the breakout of completely embedded
spudcan in soft soil. In the numerical model, four stages were simulated from the
installation to the extraction of spudcans. In the first stage, the spudcan was initially
“wished-in-place” at the predetermined depth and the effective stress field and excess
pore pressure field immediately after the installation were approximately obtained by
some assumptions instead of simulating the actual installation process, which is ideal
but very complex. In the second stage, the maximum installation load obtained in the
first stage was reduced to the maintained vertical load. In the third stage, the soil
was consolidated for a certain waiting time. And in the final stage, the spudcan was
extracted. In the present model, the extraction process of the spudcan was simulated to
only when breakout occurs. The numerical model was verified through the back-analysis
of centrifuge tests by Purwana et al. (2005) at the National University of Singapore.
The possible failure mechanisms involved in the breakout process were also examined
utilizing the numerical results. Some parametric studies were performed for a better
understanding of the present problem.
The hybrid and enhanced consolidation finite elements developed in this research are
very efficient, free of lockings, and insensitive to mesh distortions that their performances
are superior to conventional consolidation elements with different interpolations in the solid
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phase and fluid phase.
The numerical models developed in this research could be used to predict the breakout
force and breakout time required in the extraction process of spudcans. The results from the
numerical models could be utilized to guide field operations. Though the present numerical
models were developed for spudcans, it is expected that they could be extended to simulate
other breakout problems in which the geometric shape and size of objects, and soil conditions
may be different from those considered in this study.
1.5 Overview of Report
The rest of this report describes the research performed on developing numerical models to
simulate the breakout phenomenon of spudcans. Chapter 2 describes the literature review on
the finite element methods for problems of soil consolidation, numerical and physical simu-
lations of the breakout phenomenon, and some other topics relevant to the present research.
Chapter 3 describes the development of the new mixed hybrid elements and enhanced ele-
ments for linear elastic problems of soil consolidation. Chapter 4 describes the extension of
the linear elastic consolidation elements developed in Chapter 3 to elasto-plastic problems.
Chapter 5 describes the numerical model developed to simulate the breakout process of a
circular plate initially lying on the seabed surface. Chapter 6 describes the extension of the
numerical model developed for the disk problem in Chapter 5 to simulate the breakout pro-
cess of spudcans partially embedded in the seabed. Chapter 7 describes the numerical model
developed to simulate the breakout process of spudcans completely embedded in soft seabed.
Verification of the numerical model and some parametric studies are also presented. Chapter
8 summarizes the results and conclusions of the research and presents some recommendations
for further research.
Figures 8
Figure 1.1: Typical three legged jack-up platform (after Reardon, 1986).
Figures 9
Figure 1.2: Jack-up rig operational modes (after McClelland et al., 1982).





In this thesis, the hybrid stress elements (HS) and the enhanced assumed strain (EAS)
elements in elasticity mechanics will be extended to linear elastic and elasto-plastic problems
of soil consolidation, and later these new consolidation elements will be applied to simulate
the breakout of spudcans both lying on the seabed surface and embedded in the seabed.
Hence, in this chapter, initially we briefly review the common finite element methods for soil
consolidation problems. Then the development of the HS and EAS elements in elasticity
mechanics are introduced. In addition, some existing mixed low-order finite elements for soil
consolidation problems and some commonly used finite elements for plasticity problems are
also presented. It should be noted that here we only focus on two-dimensional finite elements
for static problems.
Subsequently, we introduce the literature on the modeling of the breakout of objects
(not spudcans), where the breakout problems can be divided into two categories: problems
not involving soil failure and problems involving soil failure. Finally, two experimental works
on the breakout of spudcans from the soft soil are reviewed. Since there are few literature
on the breakout modeling of objects, especially of spudcans, we review both the revelent
experimental and numerical/analytical works in detail in this chapter.
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2.2 General Aspects of Finite Element Methods for Problems
of Soil Consolidation
2.2.1 Consolidation problems in geotechnical engineering
While many geotechnical problems can be solved as either fully drained or undrained condi-
tion, real soil behavior is usually time-related, with pore fluid pressures and effective stresses
dependent on soil permeability, the rate of loading and the hydraulic boundary conditions.
To account for such behavior, it is necessary to consider the flow of pore fluid through the soil
skeleton and the deformation of the soil skeleton due to loading simultaneously. Such theory
is called consolidation theory in geotechnical engineering. By using the effective stress prin-
ciple and a linear form of Darcy’s flow rule, Terzaghi (1923) developed the one-dimensional
theory of consolidation for elastic porous solids. Afterward, this theory was extended to
three-dimensional continua by Biot (1941, 1956) based on a linear stress-strain constitutive
relationship and also Darcy’s law. The consolidation theories developed by Terzaghi and Biot
have played important roles in modern geotechnical engineering.
Terzaghi’s theory is for one-dimensional consolidation problems and its analytical solu-
tion can be easily derived by solving a simple second-order differential equation subjected
to certain boundary and initial conditions. For two- and three-dimensional consolidation
problems, Biot’s theory is always adopted. As Biot’s theory with its boundary and initial
conditions is more complex, generally numerical methods have to be resorted to except for
some very special situations. In this chapter, we only review the finite element methods for
consolidation problems.
2.2.2 Development of finite element methods for consolidation problems
Finite element analysis of the consolidation problems is often based upon spatial as well as
temporal discretization of an appropriate variational principle. Accuracy and stability of the
finite element process depend on the choice of the variational principle and the discretization
schemes (Sandhu et al., 1977). Based on an extension of the basic variational theorem of
Mikhlin (1965), Sandhu et al. (Sandhu, 1968; Sandhu and Pister, 1970, 1971) proposed
a variational principle applicable to linear, coupled field problems in continuum mechanics.
This variational theorem was used by Sandhu et al. (Sandhu, 1968; Sandhu and Wilson, 1969)
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to derive suitable finite elements for seepage in linear elastic soils, in which solid displacements
and pore fluid pressures were taken as basic variables. Subsequently, Schiffman et al. (1969),
Christian and Boehmer (1970), and Hwang et al. (1971) also applied finite element techniques
to the numerical analysis of soil consolidation along the lines of Biot’s self-consistent elastic
theory. For non-linear materials, various incremental solution strategies have been given by
Lewis et al. (1976), Small et al. (1976), Prevost (1982), Borja (1989), etc. Other solution
methods have been presented by Carter et al. (1979), who incorporated elements for finite
deformations, and Ghaboussi and Wilson (1973) who accounted for pore fluid compressibility.
In all of these linear and non-linear formulations, the governing finite element relations can
be expressed as a system of coupled differential equations.
2.2.3 Discretization of spatial and temporal domains for consolidation
problems
It is necessary to discretize both the spatial domain and time domain when using the finite
element method for consolidation problems. In the following, we will review these two aspects.
Usually in the conventional displacement-based finite element method, different shape
functions are used for representing the solid displacements and the pore fluid pressures. This is
necessary, especially when approaching the undrained limit state, where the soil permeability
is very low and/or the loading time is very short. The matrix to be solved is then close to
that used in the solution of problems in incompressible elasticity (Aubry and Kodaissi, 1984;
Zienkiewicz et al., 1990). However, if the undrained limit state is not approached, the choice
of elements may be wider and equal-order interpolations for both fields may also be adopted
(Lewis and Schrefler, 1998).
The displacement-based Q84 quadrilateral element (8 nodes for solid displacements and
4 nodes for pore fluid pressures per element) is widely used for two-dimensional problems
of soil consolidation since using Q84 element, stabilized pore fluid pressures can be achieved
when the undrained condition is approached (Sandhu et al., 1977) and this element can also
be applied to plasticity problems if reduced integration (Griffiths, 1982a,b) is adopted. The
conventional displacement-based Q44 quadrilateral element (4 nodes for solid displacements
and 4 nodes for pore fluid pressures per element) is seldom used because it cannot be used
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in the undrained state and has some other weaknesses, such as shear locking and volumetric
locking (Zienkiewicz and Taylor, 2000).
The discretization of time domain is often based on the well-known θ-method, namely
the Crank-Nicolson type of approximation, the stability and accuracy of which has been
investigated by Booker and Small (1975) and Vermeer and Verruijt (1981). For elastic soils,
the resulting time stepping schemes are essentially the same as those used in the solution of
first-order system of differential equations. Since these types of equations arise in many areas
of the physical sciences, they have been studied extensively and a vast amount of literature
exists on their solution. An excellent summary of the stability and accuracy of various
algorithms can be found in Wood (1990b). In order to solve elastic-coupled consolidation
problems efficiently with the θ-method, it is generally necessary to use an implicit time
integration scheme with θ ≥ 0.5. With this choice of integration parameter, Booker and Small
(1975) proved that the solution process is unconditionally stable so that large time increments
may be used. Explicit integration methods, which employ θ = 0, are only conditionally stable
and may require the use of very small time steps.
2.3 Low-order Finite Elements in Solid Mechanics
Since the introduction of the finite element method, one of the important goals of the re-
search in this field has been the development of low-order elements that exhibit high accuracy
even when coarse mesh is used. The first approach to the development of low-order highly
accurate elements was based on the use of incompatible displacement modes (Wilson et al.,
1973; Taylor et al., 1976). However, this approach is heavily criticized as “variational crimes”
in the literature. A second approach to improve the performance of elements is to use re-
duced/selective integration schemes, which can offer a significant reduction in computational
effort. Unfortunately, in many cases, the reduced/selective integration may induce the spuri-
ous zero energy modes which corrupt the solution. As a result, some stabilization schemes are
required. The third and most general approach is based on mixed variational principles. Both
the popular hybrid stress (HS) elements and the enhanced assumed strain (EAS) elements
belong to this category. In the following, we will review the HS and EAS elements for linear
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elastic solid problems since in this study, both of them will be extended to the problems of
soil consolidation.
2.3.1 Hybrid stress (HS) elements
The formulation of the conventional displacement-based finite elements for structural and
solid mechanics is based on the principle of minimum potential energy. The functional with













where C is the elastic stiffness matrix, D is the linear differential operator matrix, F¯ is body
force, T¯ is prescribed boundary traction vectors, V is the whole area studied, and Sσ are
boundaries where the tractions are prescribed. From Eq. (2.1), the well-known element






where Ve denotes the spatial area of an element, and B is the strain-displacement matrix.
Pian (1964) originally proposed a multifield finite element based on the principle of
minimum complementary energy, in which the equilibrating stresses within an element and
the compatible displacements along the element boundary were assumed independently. The
principle of minimum complementary energy with stresses σ as the only field variable can be










where S is the compliance matrix, S = C−1, and u¯ is the prescribed displacement vector.
In Pian (1964), the assumed stresses were expressed in terms of stress parameters β, the
boundary tractions were also related to β, and the displacements u¯ were interpolated in
terms of nodal displacements q, namely
σ = Pβ; T = Rβ; u¯ = Lq (2.4)
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Substituting Eq. (2.4) into Eq. (2.3), and then by the first variation of Eq. (2.3), the element
stiffness matrix was obtained as




PTSPdV , G =
∮
∂Ve
RLdS, ∂Ve denotes the entire boundary of an element.
β was condensed out of the final finite element formula, but it can be obtained through
β = H−1Gq when recovering stresses within elements.
Initially, the form of the HS element derived in Pian (1964) was recognized by its ad-
vantage of constructing Kirchhoff plate elements on account of its avoidance of the difficult
task of constructing element shape functions which should meet the C1 continuity require-
ment. Such elements are also used in problems that requires only C0 continuity because they
provide, in general, better element performance, such as the relief of shear and volumetric
lockings (Pian, 1995). Later, it was realized that if using the Hellinger-Reissner variation
principle, construction of the element stiffness matrices was more convenient (Pian, 1972;
















Substituting σ = Pβ, which is the same as that in Eq. (2.4), and u = Nq, which is used to
interpolate the element displacements u in terms of nodal displacements q, into Eq. (2.6),
and by the first variation, the element stiffness matrix can be obtained. The expression of







PT (DN) dV . It is found that when using the Hellinger-Reissner principle, the
generation of the G matrix is simplified because it involves an integral over the element
domain instead of the element boundary. Another advantage of using the Hellinger-Reissner
principle is that the equilibrating stress state is no longer required.
Pian and Chen (1982) proposed a more general method for formulating the HS elements.
The key step in the approach is that the element displacements u are separated into two
components: uq, which are expressed in terms of nodal displacements q and compatible,
and uλ, which are internal displacements that are to be eliminated at the element level by
applying the variational principle and usually incompatible.
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Using the approach of Pian and Chen (1982), the Hellinger-Reissner principle in Eq.




















whereDTσ = 0 represents the homogeneous equilibrium conditions. Hence, the incompatible
displacements uλ are now Lagrange multipliers to be used to introduce equilibrium constraints
to the initially unconstrained stresses σ. It is assumed that
σ = Pβ; uq = Nq; uλ = Lλ (2.8)
from which
Duq = Bq; DTσ = Eβ (2.9)
where β and λ are parameters at the element level, q is the nodal displacements, D is a linear
differential operator matrix, P, N and L are interpolative functions defined beforehand, and
B and E are interpolative functions derived from Eq. (2.8). Substituting Eqs. (2.8) and









PTSPdV , G =
∫
Ve
PTBdV , R1 =
∫
Ve
ETLdV , M = H−1 and S = C−1. It is
noted that λ does not appear in the final finite element formula by using static condensation.
Usually Hellinger-Reissner principle is used to derive the finite element methods when
linear elastic materials are involved. However, the more flexible Hu-Washizu principle are
preferred to formulate nonlinear finite element methods (Piltner and Taylor, 1995). The
above approach was also used for the Hu-Washizu principle to formulate the finite element

















It is assumed that
ε = Pα; σ = Pβ; uq = Nq; uλ = Lλ (2.12)
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From the variation of Eq. (2.11) after substituting Eq. (2.12) into Eq. (2.11), the element
stiffness matrix is given as the same form as Eq. (2.10), but with H =
∫
Ve
PTPdV , J =∫
Ve
PTCPdV , M = H−1JH−1, and the other notations are the same as those in Eq. (2.10).
Using the approach of Pian and Chen (1982) into variational principles can yield more
flexible and efficient methods. For instance, since the exact equilibrium is not required, the
assumed stresses may be expressed in terms of natural coordinates. When the element shape
is distorted from regular geometry, the accuracy of the elements in natural coordinate system
will be less sensitive compared to that in Cartesian coordinate system.
By using the approach proposed by Pian and Chen (1982), a rational method for the
choice of assumed stresses for HS elements was established in Pian and Sumihara (1984). In
this method, a perturbation of element geometry was introduced in order to obtain all the
necessary constraint equations for stresses. The well-known Pian-Sumihara 4-noded plane
quadrilateral element was derived, in which only five parameters are used for the stress
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In the finite element formulation, however, τ ij must be converted to physical components σij
based on Cartesian coordinates by using




where Jnm denotes the Jacobian ∂x
n/∂ξm at (ξ, η) = (0, 0). The Pian-Sumihara element
performs well in that it can overcome the volumetric and shear lockings, and be suitable for
problems where the bending effects are dominant. Also, the Pian-Sumihara element is not
sensitive to geometric distortions.
In Pian and Wu (1988), a new approach for choosing the stress terms for HS elements was
proposed based on the condition of vanishing of the virtual work along the element boundary
due to the stress terms higher than constant and the additional incompatible displacement.
For 4-noded quadrilateral plane elements, if the incompatible displacements are the same as
that used by Pian and Sumihara (1984), the resulting elements are also the same as Pian-
Sumihara elements. When the incompatible displacements also satisfy the constant strain
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patch test, the resulting elements can provide more accurate solutions. Using the approach,
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where τ in Eq. (2.15) is defined based on natural coordinates and it should be converted
to stresses σ based on Cartesian coordinates. The resulting axisymmetric elements can pass
the constant stress patch tests and avoid the false shear phenomenon.
2.3.2 Enhanced assumed strain (EAS) elements
The enhanced assumed strain (EAS) method proposed by Simo and Rifai (1990) is based on
the Hu-Washizu principle given in Eq. (2.11). The key point of the EAS method lies in the
strain field ε that is composed of the compatible strain field and the enhanced strain field,
which can be expressed as
ε = Du+ εen (2.16)
where D is the differential operator matrix, u is the displacement vector, and εen is the
enhanced strain vector. In the EAS method, εen is defined at the element level.
Some interpolations are defined as
u = Nq; ε =Mα; σ = Pβ (2.17)
where q is the nodal displacement vector, α and β are parameters at the element level, and
N, M and P are interpolative matrices based on natural coordinates.
Substituting Eq. (2.17) into Eq. (2.11), and then from the first variation of Eq. (2.11),
the following element stiffness matrix can be obtained:




BTCBdV , Q =
∫
Ve
MTCMdV , L =
∫
Ve
MTCBdV , B is the strain-
displacement matrix and C is the elastic stiffness matrix. During the derivation process,
the independent stress field is completely eliminated from the finite element equations since
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in the EAS element, the assumed enhanced strain field is orthogonal to the assumed stress
field. In addition, α is excluded from the final finite element formula by static condensation.
Thereafter, nodal displacements q are the only unknowns when solving the equation system.
In Simo and Rifai (1990), based on the satisfaction of the patch test and stability of
the interpolation, and the allowance of the complete elimination of the independent stress
field from the finite element equation, the enhanced strain fields for the 4-noded quadrilateral
plane element and axisymmetric element were respectively constructed as
Mξ =
 ξ 0 0 00 η 0 0







ξ 0 0 0 0
0 η 0 0 0
0 0 ξ η 0
0 0 0 0 ξη
 (2.20)
where ξ and η are respectively the natural coordinates in the radial and vertical directions,
r (ξ, η) is the radial distance of point (ξ, η) and r0 = r (0, 0). For both the plane EAS element
and the axisymmetric EAS element, the orthogonality condition between the assumed element
enhanced strain field and the assumed element stress field should be satisfied. This is the
reason why the multiplier
r0
r (ξ, η)
is used in Eq. (2.20) for the axisymmetric EAS elements.
As to the plane EAS element, this term is not needed. It should be noted that Eqs. (2.19) and
(2.20) are based on natural coordinates and must be converted into the Cartesian coordinate
system.
The performance of 4-noded elastic EAS elements have been extensively tested by Simo
and Rifai (1990) through cantilever beam problem, driven cavity flow problem, Cook’s mem-
brane problem and the clamped arch problem, etc. It was shown that the 4-noded EAS
elements are free of volumetric locking and shear locking, and not sensitive to mesh distor-
tions.
2.3.3 Equivalence of HS elements and EAS elements
Subsequently after the development of the EAS elements (Simo and Rifai, 1990), Andelfinger
and Ramm (1993) found that certain EAS elements based on the Hu-Washizu principle and
HS elements based on the Hellinger-Reissner principle are equivalent by inspection of the
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numerical results. For example, they found that the plane EAS element with the following
seven-parameter interpolative function for the assumed enhanced strain field
Mξ =
 ξ 0 0 0 ξη 0 00 η 0 0 0 ξη 0
0 0 ξ η 0 0 ξη
 (2.21)
and the Pian-Sumihara element (Pian and Sumihara, 1984) with the following interpolative
function for the assumed stress field
Pξ =
 1 0 0 η 00 1 0 0 ξ
0 0 1 0 0
 (2.22)
are identical.
Yeo and Lee (1996) derived the equivalence of the EAS elements and the HS elements
based on the Hellinger-Reissner principle with a more rigorous theoretical foundation and
extended the work by Andelfinger and Ramm (1993). The equivalence between the EAS
elements based on the Hu-Washizu principle and the HS elements based on the Hellinger-
Reissner principle was shown when the Jacobian of element be either constant or non-
constant. It was found that in addition to displacements, the stresses of the EAS elements
calculated from the strains are equal to those of the corresponding equivalent HS elements at
least at the Gauss integration points. Since the stresses of the EAS elements, based on the
strains, are not variationally consistent, they are inaccurate. Hence, as an application of this
equivalence, Yeo and Lee (1996) proposed a variational consistent stress recovery procedure
for the EAS element that has an equivalent HS element.
Bischoff et al. (1999) derived the necessary and sufficient conditions of the equivalence
between EAS and HS elements from their variational formulations. It was proven that the
pointwise satisfaction of material law in the Hu-Washizu functional is the natural condition
for their identity. They pointed out that the most important consequence of the equivalence
is that features known from either one of these two elements can be transferred directly to
the other element.
2.4 Low-order Finite Elements for Consolidation Problems
When using the finite element method to solve Biot’s consolidation problems (Biot, 1941,
1955, 1956), usually the nodal solid displacements u and the nodal pore pressures p are taken
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as the primary unknowns. The studies on the mixed finite element formulations indicated that
the u and p interpolation functions should be chosen to fulfill the Babuska-Brezzi condition
(Bathe, 1996) or the much simpler Zienkiewicz-Taylor patch test (Zienkiewicz and Taylor,
2000) to achieve unique solvability, convergence and robustness. These requirements exclude
the use of convenient elements with equal order shape functions for u and p to avoid the
oscillation of p when undrained condition is approached. In addition, the total stress in porous
medium is equal to the effective stress plus the pore pressure. When the same interpolative
functions are used for both the solid displacements and the pore pressures, the effective
stress which is the first derivative of the solid displacement should be less accurate than
the pore pressure within a quadrilateral element. Currently in geotechnical engineering,
the displacement-based Q84 quadrilateral element (8 nodes for solid displacements and 4
nodes for pore pressures per element) is widely used since using Q84 element, the nodal pore
pressures can be stabilized even when approaching the undrained state (Sandhu et al., 1977)
and this element can be directly applied to plasticity problems if reduced integration is used
(Griffiths, 1982a,b). However, when using Q84 element, the bi-linear interpolation for the
pore pressure implies bi-constant fluid velocities within the element. Hence, it is impossible
to model drained (or conversely imbibed) condition within a single element (Li et al., 2003).
It is well-known that using low-order finite elements is more efficient than using high-
order finite elements in large scale scientific computations. Normally there are two approaches
to develop low-order finite element with the same interpolative functions for the solid dis-
placements and pore pressures for consolidation problems. In the first approach, some sta-
bilization techniques, most of which are from fluid dynamics, are used for the usual finite
element method to circumvent the restrictions imposed by the Babuska-Brezzi conditions on
the interpolations of the solid displacements and pore pressures (Pastor et al., 1999). The
other approach is to derive new low-order finite element methods for consolidation problems
based on mixed variational principles (Papastavrou et al., 1997; Mira et al., 2003; Li et al.,
2003). In the following, some typical works on low-order consolidation elements with equal
order of interpolations for solid displacements and pore pressures are introduced.
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2.4.1 Studies by Pastor et al. (1999)
To circumvent the restrictions imposed by Babuska-Brezzi conditions on mixed formulations,
Pastor et al. (1999) introduced a stabilization technique allowing the use of low-order elements
with equal order of interpolative functions for solid displacements and pore pressures, such as
the linear triangle element and bilinear quadrilateral element. In their method, the fractional
step algorithm originally proposed by Chorin (1968) in fluid dynamics problems was utilized,
where the increment of fluid velocity was split into two orthogonal parts, consisting on a
solenoidal field and the gradient of a scalar function. It was demonstrated that the stabilized
linear triangle element and bilinear quadrilateral element do not present volumetric locking
and can be used to obtain limit loads of foundations. However, the performance of these
elements in bending dominated problems was not improved and their sensitivity to mesh
distortions was not examined.
2.4.2 Studies by Papastavrou et al. (1997)
For fluid saturated consolidation problems involving strong bending effects, such as localized
failure bands, the conventional displacement-based consolidation finite elements (Booker and
Small, 1975; Small et al., 1976; Prevost, 1983; Zienkiewicz and Shiomi, 1984) cease to cap-
ture the essential deformation modes with reasonable fine mesh densities. To overcome this
disadvantage, Papastavrou et al. (1997) proposed the Q1E6 4-noded quadrilateral element
with bilinear displacement and pore pressure approximation. When deriving the Q1E6 ele-
ment, both the solid strains and the excess pore pressure gradients are enhanced following
the enhanced assumed strain method proposed by Simo and Rifai (1990) for solid elasticity
problems. It was demonstrated that the Q1E6 element can capture the localized failure suc-
cessfully compared to the conventional displacement-based consolidation elements. However,
the Q1E6 element cannot be used in undrained conditions and the purpose of enhancing the
pore pressure gradients was not discussed in their work.
2.4.3 Studies by Mira et al. (2003)
Mira et al. (2003) derived a 4-noded quadrilateral finite element for plane strain elastic consol-
idation problems, in which the enhanced assumed strain method proposed by Simo and Rifai
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(1990) was used for the solid phase of the saturated soil. It was found that when appropriate
interpolation of the enhanced strains is chosen, the oscillation of nodal pore pressures can be
suppressed successfully for plane strain consolidation problems when bilinear interpolations
are adopted for both the solid displacements and the pore fluid pressures. Through the sur-
face footing problem, they demonstrated that the proposed formulation requires significantly
less time than the classical Q84 formulation despite achieving results with similar precision
and presenting similar stability properties.
2.4.4 Studies by Li et al. (2003)
Li et al. (2003) proposed a stabilized one-point quadrature mixed finite element for saturated
porous media based on the stabilized one-point quadrature super-convergent element devel-
oped in solid continuum (Belytschko et al., 1984). Within the 4-noded quadrilateral element
they adopted, the bilinear displacement mode and the “optimal incompressible” stress and
strain modes were used in the solid phase, whereas in the pore fluid phase, similar to the in-
compatible displacement initially proposed by Wilson et al. (1973) and Taylor et al. (1976) in
solid mechanics, the element pore pressure approximation is composed of the usual conform-
ing bi-linear shape functions and two terms representing the incompatible modes of the pore
pressure in order to model drainage (or conversely imbibition) process within a single element.
It seems that such element can be used in the undrained condition and performs well when
modeling progressive failure characterized by strain localization. However, the drawback of
the one-point quadrature element with the hourglass mode control proposed by Belytschko
et al. (1984) is the introduction of a stabilization factor which is problem dependent.
2.5 Finite Element Methods for Prediction of Collapse Loads
The finite element method is often used to predict collapsed loads in geotechnical engineering,
especially when exact (or closely bracketed) limit solutions cannot readily be derived, or
sophisticated constitutive laws are employed for which the bounding theorems no longer
hold. However, it is well-known that finite element plasticity solutions often become highly
inaccurate in the fully plastic range (Sloan and Randolph, 1982). In the following, three
types of finite element methods for prediction of collapse loads, i.e. displacement-based
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finite element method with exact integration, finite element methods with reduced/selective
integration and finite element methods based on mixed variational principles, are reviewed.
2.5.1 Displacement-based finite element methods with exact integration
Nagtegaal et al. (1974) gave a comprehensive analysis of the problems associated with predict-
ing limit loads accurately for plasticity problems. Concentrating on materials obeying Tresca
or von Mises-type constitutive relations, they found that in order for a limit load to exist for
the discretized finite element model of an elasto-plastic problems, it is necessary that the ele-
ments be capable of deforming so that the deformation increments at limit load will be strictly
incompressible pointwise throughout the elements. Further, in order to obtain satisfactory
collapse loads for undrained problems, the number of degrees of freedom within each element
must be greater than the number of constraints imposed by the condition of zero volume
change. Otherwise, the load-deflection curve obtained from the finite element method will be
steadily rising, i.e. no limit load exists. Based on the above assessment criterion, Nagtegaal et
al. (1974) demonstrated that with exact integration, only a few types of displacement-based
finite elements could possibly be used for accurate prediction of collapsed loads. For plane
strain problems, the 3-noded conventional displacement-based triangular element and the
8-noded conventional displacement-based quadrilateral element could be adopted, whereas
for axisymmetric problems, none of the conventional displacement-based elements could be
used.
Based on the criterion developed by Nagtegaal et al. (1974), Sloan and Randolph (1982)
investigated the ability of the conventional displacement-based elements to predict collapse
loads accurately for strip and circular footings on a thick layer of undrained cohesive soil.
They concluded that when exact integration is used, all elements turn out to be suitable
for plane strain conditions except the 4-noded quadrilateral element, whereas only the cubic
strain triangle is satisfactory for axisymmetric configurations. If lower order displacement-
based elements with exact integration are employed for axisymmetric undrained problems,
it is impossible to predict the collapse loads accurately, regardless of how refined the meshes
are.
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2.5.2 Finite element methods with reduced/selective integration
An alternative approach for predicting the collapse loads is to use reduced/selective integra-
tion as advocated by Zienkiewicz (1979). One major effect of this approach is to decrease the
number of incompressibility constraints on the nodal velocities since the maximum number
of constraints per element must be less than, or equal to, the total number of integration
stations used in forming the element stiffness matrices. However, the price of the increased
“flexibility” is that incompressibility will only be satisfied at the integration points (Sloan
and Randolph, 1982).
Griffiths (1982a) showed that the 8-noded quadrilateral finite elements with reduced
integration in conjunction with Mohr-Coulomb failure criterion could give excellent collapse
load predictions for plane strain footing resting on c−φ soils. Griffiths (1982b) analyzed the
bearing capacities of both plane strain and axisymmetric deep foundations using the 8-noded
quadrilateral elements with reduced integration, in which the Tresca failure criterion was
adopted. It was found that the finite element predictions were in good agreement with the
existing solutions from limit analysis for both plane strain and axisymmetric problems. Based
on these works, the other types of problems, which are either plane stain or axisymmetric,
and involve either frictional or frictionless materials, may be tackled with confidence by using
the 8-noded quadrilateral elements with reduced integration for collapse load predictions.
For 4-noded quadrilateral elements, selective integration instead of reduced integration
should be used since reduced integration leads to spurious deformation patterns. In selective
integration, the volumetrically stiff contribution to the matrix equations can be segregated
and treated with reduced quadrature, whereas full quadrature is employed on the remaining
terms to retain the rank of elemental matrices. The 4-noded quadrilateral element with
selective integration has proven quite successful in alleviating the volumetric locking (Malkus
and Hughes, 1978; Hughes et al., 1978). However, in general anisotropic and/or nonlinear
situations, an explicit segregation of contributions to the matrix equations into volumetrically
stiff and remaining terms is not always apparent (Hughes, 1980). To remove the restriction,
Hughes (1980) proposed a new finite element formulation for anisotropic and/or nonlinear
situations using 4-noded quadrilateral elements with selective integration. The approach can
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be easily implemented by only a modification of the usual strain-displacement matrix.
2.5.3 Finite element methods based on mixed variational principles
A more general approach to derive low order finite elements to predict the collapsed loads is
based on mixed variational principles. In the following, some successful low order elements
based on mixed variational principles are reviewed.
In response to the poor performance of the 4-noded isoparametric quadrilateral elements
for structural problems, Nagtegaal et al. (1974) proposed a variational principle modified
from the Hellinger-Reissner principle, in which both the dilatational strain increments and
the displacement increments were presented as independent variables. Using the modified
variational principle, the elements will have complete freedom to characterize the dilation
by the parameters chosen. It was shown by Nagtegaal et al. (1974) that the proposed pro-
cedure requires only minor changes to the strain rate–velocity matrix in the traditional el-
ement stiffness matrix formulation. Hence, existing computer programs using conventional
displacement-based elements can be easily adapted to accommodate the elements derived by
Nagtegaal et al. (1974). Subsequently, Toh (1978) and Toh and Sloan (1980) successfully ex-
tended the 4-noded quadrilateral element developed by Nagtegaal et al. (1974) to undrained
geotechnical problems. However, it should be pointed out that such elements can be employed
only for non-dilatational materials.
Sukumaran et al. (1999) demonstrated that the 8-noded quadrilateral hybrid stress el-
ement with reduced integration can be used to predicted the collapsed loads accurately by
analyzing three problems: the strip and circular footings, the embedded deep strip and circu-
lar footings, and the lateral resistance of a circular pile. Their analysis were performed with
the program ABAQUS (HKS, 1997) and both the von Mises and Tresca type criterions were
used.
Andelfinger et al. (1992) developed new two-dimensional 4-noded membrane element
and three-dimensional 8-noded solid element for plasticity structural problems by using the
enhanced assumed strain method originally proposed by Simo and Rifai (1990) for elasticity
solid problems. It was shown that their elements do not suffer from overconstraining usually
encountered for the conventional displacement-based elements with exact integration and
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perform well for plasticity structural problems.
2.6 Breakout of Objects Without Soil Failure
An object partially embedded into the seabed usually requires a force greater than its sub-
merged weight to remove it. From field experience, it is known that the extraction of an
object from seabed bottom is a very slow process until a critical time when the object is
broken loose suddenly (Foda, 1982; Mei et al., 1985; Sawicki and Mierczyn´ski, 2003). This
phenomenon is usually called breakout. The extraction force in excess of the submerged
weight of the object is usually called the breakout force and the time needed for the breakout
process is usually called the breakout time. As pointed out by Rapoport and Young (1985),
the prediction of the breakout force and breakout time is important at least in the following
cases: (1) operation of offshore rigs, (2) design of gravity structures subjected to upward
loading, (3) design of anchors and mooring systems, and (4) salvage of sunken ships.
Published literature on the breakout phenomenon is relatively scarce. In this section,
the literature on the breakout of partially embedded objects without soil failure involved is
reviewed, for which, to the author’s knowledge, only three papers by Foda (1982), Mei et al.
(1985), Sawicki and Mierczyn´ski (2003) can be found in the public domain. The literature on
the breakout with soil failure involved will be reviewed in the next section, where the objects
can be either partially embedded or completely embedded in the soil.
2.6.1 Studies by Sawicki and Mierczyn´ski (2003)
Sawicki and Mierczyn´ski (2003) studied the breakout of a heavy object lying on the seabed
surface as shown in Figure 2.1. In order to lift the object from the seabed surface, the applied
vertical uplift force F should overcome both the submerged weight of the object G and some
additional force Rs, namely
F ≥ G+Rs (2.23)
The time needed to lift the object from the sea bottom is defined as breakout time. Obviously,
the breakout time is related to the uplift force F .
Sawicki and Mierczyn´ski (2003) proposed that there are two stages during the breakout
process. During the first stage, the object is lying on the seabed surface such that there is
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no gap between the object and the seabed surface. After detachment of the object from the
seabed surface, a tiny gap between the object and the subsoil is created, and the second stage
starts. Only the first stage was investigated in Sawicki and Mierczyn´ski (2003).
In Sawicki and Mierczyn´ski (2003), the seabed was treated as a porous, two-phase
medium. The soil skeleton was linearly elastic and isotropic in its mechanical response,
and the hydraulic permeability of the soil skeleton was also assumed as isotropic. Hence,
the linear elastic Hooke’s law could be applied to the soil skeleton and Darcy’s law could be
used for the pore fluid flow in the soil. The uplift process of the object was handled as a
quasi-static process since the lift velocity of the object was small enough before its breakout.
Based on the above assumptions, Sawicki and Mierczyn´ski (2003) derived a governing
equation for the first stage of the breakout process. The derivation started from the mass











where t is the time, n is the soil porosity at time t, vf = vs + v, vf is the absolutely pore
fluid velocity, vs is the soil skeleton velocity, and v is the pore fluid velocity relative to the
soil skeleton and can be obtained from Darcy’s law.
















, p the excess pore pressure, σ the mean total stress, γw
the unit weight of the fluid, n0 the initial porosity of the soil, k the hydraulic conductivity,
and κs and κf the compressibility of the soil skeleton and the pore fluid, respectively. It
should be clarified that here n0k is equal to the soil permeability.
Eq. (2.25) describes the variation of the excess pore pressures in the subsoil and at the
interface between the object and the subsoil during the first stage of the breakout process.
When the condition of Eq. (2.23) is satisfied, the first stage finishes. However, it is observed
that both p and σ are unknown in Eq. (2.25). Hence, Eq. (2.25) cannot be used alone
for general problems where ∂σ/∂t cannot be obtained in advance. Sawicki and Mierczyn´ski
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(2003) only considered some special problems, such as the one-dimension problem and the
simplified axisymmetric problem, where ∂σ/∂t can be predetermined beforehand.
Some experimental results were also presented in Sawicki and Mierczyn´ski (2003) to
verify the proposed theorem. It was found that the theoretical predictions were in good
agreement with the experimental results.
2.6.2 Studies by Foda (1982)
Foda (1982) proposed an analytical model for the second stage of the breakout process as
shown in Figure 2.2. In his problem, the soil solid skeleton was assumed to be linearly elastic
and the pore fluid obeyed Darcy’s law. Before uplift, the object is neutrally buoyant while
its base is still touching the seabed surface, which means that the pulling force acting on the
body is initially equal to the submerged weight of the object. During the extraction of the
object, the gap between the base of the object and the seabed surface expands so that water
will flow into the gap laterally through the gap periphery, meanwhile the pore fluid in the
seabed will be “sucked” into the gap. The suction force will be generated in the gap during
the extraction process.
Because of the small Reynolds’ number, a lubrication-type approximation (Lamb, 1945)
was employed in Foda (1982) to describe the fluid motion in the gap. The continuity con-
ditions of the components of the fluid velocity, the components of the effective stress, and
the water pressure were imposed across the seabed surface. During the extraction process,
the pore fluid in the gap will flow upward into the gap and the seabed will deform. To
account for the influence of the seabed to the extraction, Foda (1982) adopted a boundary-
layer approximation proposed by Mei and Foda (1981) to simplify the problem. The Mei
and Foda (1981) theory asserted that the fluid flow in a porous seabed of small permeability
was largely confined within a thin layer near the mud line, if the final time of breakout was
much shorter than the consolidation time of the seabed. The remainder of the seabed was
deformed but did not yield fluid to the gap (Mei et al., 1985). As a result, the leading-order
solution can be written as the sum of the outer solution plus the boundary-layer correction.
To further simplify the problem, Foda (1982) assumed that the vertical displacement of the
seabed surface below the object was always uniform, and neglected the horizonal variation
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of the deformation of the seabed surface during the extraction.
Although quite a few approximations were involved, the theory by Foda (1982) is still
rather complex. These approximations are likely to introduce some quantitative inaccuracy
to the results. Further, the effects of the two factors considered by Foda (1982), i.e. soil
porosity and soil deformation, on the breakout process, were not evaluated. In addition, the
theory by Foda (1982) was only for the second stage of the breakout process and did not
taken into account the influence of the first stage to the second stage. Further, the theory
proposed by Foda (1982) was not verified by comparison with experimental results. Despite
the above disadvantages, it seems that the theory by Foda (1982) can reproduce the breakout
phenomenon recognized in the field.
2.6.3 Studies by Mei et al. (1985)
Since the theory developed by Foda (1982) is complex and quite a few approximations are
involved, Mei et al. (1985) provided an alternative theory to simulate the second stage of the
breakout process. In their theory, the seabed was treated as porous but rigid and initially
there exists a tiny gap between the object and the seabed surface. In their theory, both the
cases with uniform gap and wedged gap were investigated.
The object Mei et al. (1985) studied was a long plate. It was assumed that both the
bottom of the long plate and the seabed surface below the long plate were flat, and the fluid
motion in the gap was creeping flow. Therefore, the horizontal fluid velocity u can be written
as






where x and y are respectively the horizontal and vertical coordinate, t is the time elapsed, p
is the fluid pressure in the gap, µ is the viscosity of the fluid, and A and B are two arbitrary
constants.
The boundary conditions of the problem should be considered. At the base of the long








where H is the maximum width of the gap at any time t and L is the length of the gap.
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Instead of the continuity conditions of fluid velocity, stress and fluid pressure across the
seabed surface adopted in Foda (1982), Mei et al. (1985) applied the boundary condition
found experimentally by Beavers and Joseph (1967), and justified theoretically by Saffman






2u, 0 < x < L, y = 0 (2.28)
where x and y are respectively the horizontal and vertical coordinates, u the horizontal
velocity of the fluid motion in the gap, K¯ =
η
γw
k, k the soil permeability, γw the unit weight
of the fluid, µ the viscosity of fluid, L the length of the gap, and α the empirical constant
depending on the structure of the porous material, but largely independent of viscosity. Mei
et al. (1985) estimated that the value of α is about 0.001 for very fine sand (k = 10−5m/s) and
0.1 for coarse sand (k = 10−2m/s) by the extrapolation from a log-log plot which is obtained
from the experimental results by Beavers and Joseph (1967). However, more reliable values
should be measured from experiments.
Using Eq. (2.26) together with the boundary conditions of Eqs. (2.27) and (2.28),
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Eq. (2.29) was used together with the following equilibrium equation of the long plate
to simulate the second stage of the breakout process:
∫ L
0
p (x) dx = −F (2.31)
where F is the applied vertical force per unit length in excess of the buoyant weight of the
long plate.
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In Mei et al. (1985), experiments were also conducted to verify the theory they proposed.
It was found that the theoretical results were in good agreement with the experimental results.
Utilizing their theory, Mei et al. (1985) found that the breakout time is inversely proportional
to the applied force in excess of the buoyant weight and nearly inversely proportional to k2/3,
where k is the soil permeability.
However, similar to Foda (1982), Mei et al. (1985) also assumed that the seabed is
initially stress free, i.e. the body is neutrally buoyant. This assumption means that initially
there is a tiny gap between the base of the object and the seabed surface. Hence, Mei et al.
(1985) also neglected the stages prior to the second stage of the breakout process. Further,
in Mei et al. (1985), the soil deformation was not taken into account by assuming the seabed
was rigid. Similar to Foda (1982), the theory by Mei et al. (1985) is also difficult to be
applied to more complex situations, such as an object is of more complex geometric shape,
the properties of the seabed are not homogeneous, and the uplift force varies with time, etc.
2.7 Breakout of Objects With Soil Failure
The literature on the breakout of objects without involving soil failure has been introduced in
the last section. In this section, the literature on the breakout of objects in which soil failure
is involved is reviewed, where the objects can be either partially or completely embedded in
the seabed. The suction force is more or less involved in these works.
2.7.1 Studies by U.S. NCEL in 1960s
The most extensive research on breakout phenomenon were carried out at the U.S. Naval
Civil Engineering Laboratory (NCEL) in the late 1960s (Muga, 1966, 1967, 1968; Liu, 1969).
These investigations involved breakout tests with objects weighing up to 40, 000 lb, which
were forced into soils and recovered at three different field locations, as well as in a large-scale
laboratory facility.
According to the results of tests in San Francisco Bay, Muga (1967, 1968) proposed
an empirical equation for the evaluation of breakout force. He also presented a numerical
method to analyze the plane strain breakout problem of an object based on the discrete-
element model introduced by Harper and Ang (1963). In his method, the soil was assumed
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to satisfy the Huber-Mises failure criterion. Though it was found that the numerical results
were in agreement with the experimental data from the San Francisco Bay, it could not be
expected that the numerical method could be applied to other types of soil. Based on the
available results from NCEL investigations, Liu (1969) proposed another empirical formula by
using non-dimensional parameters, in which the time the object was embedded in seabed was
considered. However, from their results, it seems that the accuracy of the prediction of the
breakout time is unsatisfactory. These empirical formulas have the advantage of simplicity,
associated with the inclusion of only a few selected parameters that affect the magnitude
of the breakout force. However, their application remains limited to a particular soil type,
object shape and size and pullout conditions.
De Hart and Ursell (1967) conducted another experiment at the Southwest Research
Institute in San Antonio, Texas, in which plates weighing up to 200 lb were extracted from
the soil (sand or clay) inside a tank with simulated water pressures up to 3, 000 psi. They
found that the breakout force depends upon the size of the object, soil type as well as the
embedment time, and the hydrostatic pressures up to 3, 000 psi had no effect on the breakout
force.
2.7.2 Studies by Byrne and Finn (1978)
Byrne and Finn (1978) examined the breakout phenomenon of an object partially embedded
in cohesive soil through their experimental tests on 25-mm-diameter footings, with 6-mm-
deep peripheral skirts, founded on sensitive, undisturbed silty clay of undrained strength
50kPa. The experimental setup is shown in Figure 2.4.
The breakout pressure q was simply related to the undrained shear strength c by
q = N∗c c (2.32)
In Byrne and Finn (1978), six rapid breakout tests were conducted to determine the relation-
ship between q and c. In their tests, N∗c was in the range of [6.48, 7.1] with an average value
of 6.92. Otherwise, from Hansen’s formula (Bowles, 1968), N∗c can be expressed as
N∗c = Ncscdcic (2.33)
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where Nc is the bearing capacity factor with respect to cohesion, sc is the shape factor, dc is
the depth factor, and ic is the inclination factor. For the test conditions, N∗c = 7.3. It was
found that the theoretical value of N∗c is quite close to the measured value.
Based on the above comparison, Byrne and Finn (1978) concluded that the maximum
breakout pressure for objects embedded to a shallow depth could be obtained from the bearing
capacity formula commonly used in foundation engineering. They also noticed that in their
experiments, the mechanism of the breakout was the soil shear failure rather than the rupture
at the interface between the footing and the the subsoil.
2.7.3 Studies by Rapoport and Young (1985)
The experimental results in Rapoport and Young (1985) and other documents (Finn and
Byrne, 1972; Rapoport, 1979) showed that the process of breakout and the process of soil
consolidation under a downward load share many common features. When an upward load is
applied to an object, excess negative pore pressure develops under the object, and if drainage
does not occur during loading, the upward load is immediately carried by the water. Usually
when the applied load was sufficient to reach breakout immediately after it was applied,
general soil failure was observed. When the applied load was less than required for immediate
breakout, local soil failure may occur due to suction breakdown.
The mechanisms of soil failure for downward and upward loadings are shown in Figure
2.5. The soil bearing capacity for downward loading can be expressed
q =c cNc + kγγ′BNγ + kqγ′DNq (2.34)
where q is the bearing capacity, kc, kγ and kq are dimensionless shape factors, γ′ is the
effective unit weight of the soil, B is the object width and D is the object penetration.
The maximum allowable downward load Q can be obtained by
Q = qA− Fw (2.35)
where A is the area of object base and Fw is the object weight.
Since for the shallow foundations, the mechanisms of soil failure are similar for downward
and upward loadings, Rapoport and Young (1985) simply modified Eqs. (2.34) and (2.35)
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for the upward loading condition as the follows:
qb =c cNc + kγγ′BNγ − kqγ′DNq (2.36)
and
Qb = qbA+ Fw (2.37)
where qb is the breakout pressure, Qb is the inverse bearing capacity, and the other notations
are the same as those in Eqs. (2.34) and (2.35).
The studies in Rapoport and Young (1985) was limited to the partially embedded shallow
footing and the soil resistance above the base of the footing was neglected.
2.7.4 Studies by Vesic´ (1971)
Vesic´ (1971) proposed that the breakout pressure q for a completely embedded circular anchor
plate can be written as
q = cF¯c (φ, λ) + γDF¯q (φ, λ) (2.38)
where c and φ are the strength characteristics of the soil in Mohr-Coulomb failure criterion,
γ is the effective unit weight of the soil, D is the depth of the embedment, B is the diameter
of the circular anchor plate, λ = D/B is the relative embedment depth, and F¯c and F¯q are
two shape-dependent breakout factors.
In Eq. (2.38), the weight of the soil above the plate (the F¯q term) and a mechanism of
plastic flow of clay from above the plate along rupture surfaces of complex geometry (the
F¯c term) were taken into account. The suction forces beneath the plate were assumed to be
zero. When the plate is at the soil surface, F¯c=0 and for a purely cohesive and non-frictional
soil, F¯q=1. The supporting experimental results were provided in Figure for tests on 76mm
diameter anchor plates embedded in clays of two different strengths. The experimental results
as well as the theoretical solution of F¯c are shown in Figure 2.6. It was found that the expected
trend of increase of experimental breakout factors with depth only occurs at shallow depths.
For each soil type there is a characteristic relative depth, D/B, beyond which the anchor
plate starts behaving as a deep anchor and the breakout factors reach constant, final values.
From Figure 2.6, it is found that for deep anchors in clay, F¯c ≈ 9 to 10. However, it seems
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that the absolute magnitude of observed factors does not generally agree with the theory,
where in stiff clay, the observed factors were as low as 40% of those predicted by the theory.
In addition, the effects of soil remolding, rate and character of loading, soil adhesion, soil
suction force, soil liquidity, etc., were examined qualitatively in Vesic´ (1971). A possible way
shown in Figure 2.7 was suggested to analyze the suction pressure in the uplift process. The
difference in pore pressure increments on the two sides of the objects represents the maximum
possible suction pressure, which would occur when the rate of load application is much faster
than the rate of the dissipation of the excess pore water pressures. To find the breakout time
in the situation where a known sustained load is applied, the three-dimensional theory of
consolidation may be used. However, Vesic´ (1971) admitted that very little is known about
the suction force in any general sense.
2.7.5 Studies by Rowe and Davis (1982)
Rowe and Davis (1982) examined the undrained behavior of anchor plates with a vertical or
horizontal axis in a saturated clay by using the elasto-plastic finite element method, where
the soil was assumed to obey the Mohr-Coulomb failure criterion. In their work, the effect of
anchor embedment, soil layer depth, overburden pressure and breakaway condition, as well
as anchor roughness, thickness and shape were considered.
The finite element results in Rowe and Davis (1982) indicated that usually the deforma-
tion due to contained plastic flow before collapse was so great that for practical purposes,
failure would be deemed to have occurred well below the collapse load. Hence, Rowe and
Davis (1982) assumes that the practical failure load was reached when the displacement was
a selected multiple of the displacement which would have occurred if the conditions had re-
mained entirely elastic. They chose 4 as the multiple and their practical failure load was
described as the failure load, which is shown in Figure 2.8. It was found that for shallow
anchors, the practical failure load is identical with the ultimate collapse load, whereas for
very deep anchor, the practical failure load is about 75% of the ultimate collapse load.
Rowe and Davis (1982) also provided some theoretical studies in which three conditions
were distinguished: immediate breakaway, intermediate breakaway and no breakaway. Im-
mediate breakaway means that the soil at the back of the anchor plate will be immediately
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separated from the back of the anchor as soon as the load is applied; no breakaway means that
the back of the anchor plate will be fully bonded with the soil behind the anchor before the
breakout occurs; and for the intermediate breakaway cases, the anchor response will initially
be as if it were fully bonded, however, the breakaway from the soil behind the anchor will
occur some times later during the loading sequence. In Rowe and Davis (1982), the average
applied pressure q required to cause undrained failure of an anchor plate in a saturated clay
with cohesion c and φ = 0 was expressed as
q = cF ′c (2.39)
where for immediate breakaway cases, F ′c = Fc + sqh/c, for no breakaway cases, F ′c = Fc +
sqh/c + qa/c, and for intermediate breakaway cases, F ′c for no breakaway cases can be used
until cavitation occurs or the adhesive strength of the interface bond is exceeded, F ′c is the
factor when soil initially stress-free and the interface between soil and object is incapable of
sustaining tension, qh is the overburden pressure at depth h, s is the coefficient for the effect
of overburden pressure on anchor capacity, qa is the available adhesion or suction. Their finite
element results indicated that the overburden pressure to ensure a no breakaway response for
a homogeneous elasto-plastic material is approximately 6c for horizontal anchors.
However, in Rowe and Davis (1982), the effect of the installation of the anchor plate to
its breakout capacity was not taken into account. Though the intermediate and no breakaway
cases were distinguished, the behavior of suction force and its contribution to the breakout
capacity to the anchor plate were not explored.
2.7.6 Studies by Thorne et al. (2004)
During the uplift process of the anchor in uniform clay, Thorne et al. (2004) proposed four
failure mechanisms as shown in Figure 2.9, i.e. a shallow anchor separated from the soil
beneath, a shallow anchor bonded with the soil beneath, a deep anchor separated from the
soil beneath, and a deep anchor bonded with the soil beneath.
In Thorne et al. (2004), the behavior of horizontal strip anchors buried in uniform
clay was examined using the finite element program AFENA (Carter and Balaam, 1995).
The analyses showed that the behavior of strip anchors in uplift is a function of the non-
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dimensional parameters: H/B, γH/c and uc/c, where H is the depth of embedment of the
anchor, B is the width of the strip anchor, γ is the unit weight of the soil, c is the undrained
shear strength of the soil, and uc is the magnitude of the maximum tensile stress that can be
sustained by the pore water in the soil.
It was demonstrated that the ultimate uplift capacity of the anchor is dependent on the
availability of water at the surface of the soil and within the soil beneath the strip anchor. If
the underside of the anchor is connected to the outside air, or if the pore fluid cannot sustain
tension, the anchor will be separated from the soil beneath when the total stress reduction
equals the initial total stress. However, in saturated soils, separation will occur only if the
effective stress beneath the anchor drops below zero or the cavitation of the pore water occurs.
In other words, during the uplift process, if cavitation is impossible, the separation can occur
only when the dissipation of the negative pore pressures at the base of the anchor is fast
enough.
It was also found that for shallow anchors in relative strong soil, failure in tension occurs
from the surface downwards. The ultimate capacity of these anchor is a function of the
undrained shear strength of the soil, the self-weight of the anchors and the tensile capacity
of the pore fluid. However, when anchors were deeply buried, the shear failure will localized
around the anchor and the ultimate capacity becomes a function only of shear strength and
is independent of the overburden pressure.
In Thorne et al. (2004), the effect of the installation of the anchor to the breakout capacity
was also not considered and the contribution of the suction force to the total breakout force
was also not discussed.
2.8 Breakout of Spudcans Completely Embedded in Soft Soil
The penetration depth of a spudcan depends on its geometric dimension, preload applied, and
the subsurface soil conditions, etc. Published literature on the breakout of spudcans is very
scarce. In the public domain, to the author’s knowledge, there is no work on the breakout of
partially embedded spudcans and only two papers on the breakout of completely embedded
spudcans, namely the experimental works reported by Craig and Chua (1990b) and Purwana
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et al. (2005). No published results on the numerical simulation of the breakout of spudcans
can be found. In the following, the work by Craig and Chua (1990b) and Purwana et al.
(2005) will be reviewed, where the latter one will be introduced in more detail since the
finite element results obtained in this study will be compared to the experimental results in
Purwana et al. (2005).
2.8.1 Studies by Craig and Chua (1990b)
Craig and Chua (1990b) investigated the installation and extraction of spudcan in uniform
clay by centrifuge tests conducted at 100g. The centrifuge setup is shown in Figure 2.10,
where the diameter of spudcan was 14m in prototype scale and the reconstituted soil known
as Cowden clay was used. Since the clay used had a sufficiently low permeability, it could be
ensured that all the tests was performed under essentially undrained conditions. The pore
pressure transducers were installed in the soil at different radial distances from the center of
the spudcan to record the variations of the pore pressures.
In Craig and Chua (1990b), it was found that the performance of the breakout process
of the spudcan depends on the previous compressive load history and the penetration ratio
(penetration/diamater). If the compressive bearing stresses after the installation of the spud-
can are in excess of four times the undrained shear strength of the soil, good adherence at the
interface between the base of the spudcan and the soil beneath could be ensured, leading to
high sustainable underbase suctions and large breakout force. Under undrained conditions,
the breakout force could approach the compressive failure capacity of the soil.
It has been indicated in Craig and Chua (1990b) that the suction at the base of the
spudcan is important during the breakout process of the spudcan. However, no detailed
discussions on the behavior of the base suction force and its contribution to the total breakout
force were provided. The factors affecting the base suction force were still not clear.
2.8.2 Studies by Purwana et al. (2005)
Purwana et al. (2005) carried out a series of centrifuge experiments to investigate the mech-
anism of the extraction of the spudcan embedded in normally consolidated clay. In their
experiments, the development of total vertical pressure and pore pressure changes at the top
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and at the base of the spudcan during the extraction process as well as the changes in pore
pressures in the soil beneath the spudcan were examined carefully.
All the centrifuge tests in Purwana et al. (2005) were conducted at 100g. The diameter
of the spudcan adopted was 12.5m and the penetration depth of the spudcan was 18.75m in
prototype scale. The spudcan was instrumented with four total pressure transducers (two at
the top surface and two at the base surface of the spudcan) and five pore pressure transducers
(two at the top surface and three at the base surface of the spudcan). In addition, other five
pore pressure transducers were embedded in the soil beneath the spudcan to monitor the
pore pressure changes in the soil during the tests. The setup of their centrifuge model can
be found in Chapter 7.
The soil used in the centrifuge tests was constituted from Malaysian kaolin clay, the
properties of which have been described by Goh (2003). Purwana et al. (2005) conducted
the cone penetration tests at a point far away from the spudcan prior to the extraction of
the spudcan in five centrifuge tests with various waiting times. The profiles of the undrained
shear strength of the soil derived from the measured cone resistance can also be found in
Chapter 7.
Following the operational procedure of jack-up in the field, Purwana et al. (2005) simu-
lated the following four stages in their experiments: (1) penetrating the spudcan to a prede-
termined soil depth, (2) reducing the maximum installation load to the maintained vertical
load, (3) waiting for a certain time (namely, waiting time) meanwhile keeping the maintained
vertical load unchanged, and (4) extracting the spudcan from the soil.
In Purwana et al. (2005), two groups of centrifuge tests were conducted. In one group,
six tests were conducted to investigate the effect of the waiting time, in which the ratio
of the maintained vertical load over the maximum installation load were always 75%, but
the waiting time varied as ¿ 1 day, 53 days, 126 days, 244 days, 423 days and 843 days,
respectively. In the other group, three tests were conducted to investigate the effect of the
ratio of the maintained vertical load over the maximum installation load, in which the waiting
time was always 423days, but the ratio of the maintained vertical load over the maximum
installation load were 0.25, 0.5 and 0.75, respectively.
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In Purwana et al. (2005), it was found that the breakout force required to extract the
spudcan increases with an increase of the waiting time as shown in Figure 2.11. It was also
found that a greater breakout force is required when the ratio of the maintained vertical load
over the maximum installation load increases as shown in Figure 2.12. However, the effect of
the ratio of the maintained vertical load over the maximum installation load does not affect
the breakout force as significantly as compared to the effect of the waiting time.
Based the experimental results, Purwana et al. (2005) found that during the spudcan
extraction, there is no significant increase in the soil resistance above the spudcan with an
increase in the waiting time. However, the magnitude of the suction force developed at
the spudcan base increases considerably with the increase in the waiting time. Hence, they
concluded that the suction force at the base of the spudcan plays a vital role in the breakout
process especially when the waiting time is relatively long for the dissipation of the excess
pore pressures generated when the spudcan was installed.
2.9 Concluding Remarks
In this chapter, the general aspects of the finite element methods for soil consolidation prob-
lems, and the hybrid stress elements (Pian, 1964, 1972; Pian and Tong, 1972; Pian and Chen,
1982; Pian and Sumihara, 1984; Pian, 1985; Pian and Wu, 1988; Pian, 1995) and the en-
hanced assumed strain elements (Simo and Rifai, 1990) for elasticity problems were briefly
introduced. Thereafter, some existing low-order elements for consolidation problems (Pastor
et al., 1999; Papastavrou et al., 1997; Mira et al., 2003; Li et al., 2003) were reviewed and
their limitations were pointed out. Based on these reviews, the new consolidation elements
will be developed in chapters 3 and 4 for both the elasticity and plasticity problems.
The literature on the breakout of objects initially lying on the seabed surface and without
soil failure involved is rather scarce that only the work by Sawicki and Mierczyn´ski (2003)
which deals with the first stage of the breakout process, and the works by Foda (1982) and
Mei et al. (1985) which deal with the second stage of the breakout process, can be found
in the public domain. The analytical models developed in these works were based on very
ideal situations, such as simple soil properties of seabed, simple geometric shape of objects,
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etc. Further, these models deal with only one stage of the whole breakout process. Hence, a
new numerical model will be developed in Chapter 5 to simulate the whole breakout process
of a disk lying on the seabed surface, and in Chapter 6 it will be extended to simulate the
whole breakout process of spudcans partially embedded in the soil. In the numerical models
for the simulation of the breakout phenomenon, the new consolidation elements developed in
Chapters 3 and 4 will be used.
A few papers on the breakout of objects involving soil failure were also reviewed, where
objects are either lying on the soil surface or embedded in the soil. For objects lying on the
soil surface or with shallow penetration, Byrne and Finn (1978) and Rapoport and Young
(1985) proposed to use the inverse bearing capacity as the breakout force. For objects com-
pletely embedded in the soil, Vesic´ (1971) proposed a formula to calculate the breakout force.
However, the suction force at the base of objects was not included in his formula. Rowe and
Davis (1982) and Thorne et al. (2004) simulated the uplift behavior of anchors in soft clay
using the finite element method. However, the behavior of the suction force at the back of
the anchor and its contribution to the total breakout force was still unclear. In addition, the
influence of the installation of objects prior to the extraction were not taken into account in
all these works.
To the author’s knowledge, there are only two experimental works, namely Craig and
Chua (1990b) and Purwana et al. (2005), on the breakout of spudcan embedded in soft clay
can be found in the public domain. Both of these two papers were reviewed. In Purwana
et al. (2005), the important role of the suction force at the base of the spudcan during the
breakout has been revealed clearly. However, few numerical/analytical model is available
to simulate the breakout of the spudcan in soft clay. Hence, a finite element model will be
developed in Chapter 7 for modeling of spudcan breakout.
Figures 43
Figure 2.1: Forces acting on extracted object (after Sawicki and Mierczyn´ski, 2003).
Figure 2.2: Definition sketch for second stage of breakout process (after Foda, 1982).
Figures 44
(a) Uniform gap (b) Wedged gap
Figure 2.3: Definition sketch for second stage of breakout process (after Mei et al., 1985).
Figure 2.4: Basic components of test apparatus (after Byrne and Finn, 1978).
Figures 45
Figure 2.5: Mechanism of soil failure (after Rapoport and Young, 1985).
Figure 2.6: Breakout factor F¯c for circular anchor plate in clays (after Vesic´, 1971).
Figures 46
Figure 2.7: Analysis of suction force as pore water pressure difference problem (after Vesic´,
1971).













Figure 2.9: Failure mechanisms in uplift: (a) shallow anchor, separated from soil beneath;
(b) shallow anchor, joined to soil beneath; (c) deep anchor, separated from soil beneath; (d)
deep anchor, joined to soil beneath (after Thorne et al., 2004).
(a) Experiment setup (b) Spudcan
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Figure 2.11: Contribution of various components of breakout force after various waiting times



































Figure 2.12: Variation of breakout force and its main components from centrifuge tests with




Hybrid and Enhanced Finite
Element Methods for Linear Elastic
Consolidation Problems
3.1 Introduction
The finite element method has been extensively used in solving problems of soil consolidation
(Biot, 1941, 1955, 1956) since Sandhu et al. (Sandhu and Pister, 1970, 1971; Sandhu et
al., 1977) proposed a general variational principle for seepage in linear poro-elastic soils.
Usually in the displacement-based finite element method, different shape functions are used
for representing the solid displacements and the pore fluid pressures. This is necessary,
especially when approaching the undrained limit state, where the soil permeability is very
low and/or the loading time is very short. The matrix to be solved is then close to that used in
the solution of problems in incompressible elasticity (Aubry and Kodaissi, 1984; Zienkiewicz
et al., 1990). However, if the undrained limit state is not approached, the choice of elements
may be wider and equal-order interpolations for both fields may also be adopted (Lewis and
Schrefler, 1998).
The displacement-based Q84 quadrilateral element (8 nodes for solid displacements and
4 nodes for pore fluid pressures per element) is widely used for two-dimensional problems of
soil consolidation since using Q84 element, the stabilized pore fluid pressures can be achieved
when the undrained condition is approached (Sandhu et al., 1977) and this element can also
be applied to plasticity problems if reduced integration (Griffiths, 1982a,b) is adopted. The
conventional displacement-based Q44 quadrilateral element (4 nodes for solid displacements
and 4 nodes for pore fluid pressures per element) is seldom used because it cannot be used
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in the undrained state and has some other weaknesses, such as shear locking and volumetric
locking (Zienkiewicz and Taylor, 2000). Recently some special triangular and quadrilateral
elements with equal order interpolations for solid displacements and pore fluid pressures have
been developed for problems of soil consolidation by using some stabilization techniques,
most of which are from fluid dynamics (Pastor et al., 1997, 1999). It seems that these
elements do not experience volumetric locking in the incompressible limit state. However,
the performance of these elements in problems where bending is dominated was not improved
and the sensitivity of mesh distortion was not examined.
The development of low-order elements that show high accuracy is of interest in the
finite element method. The most general approach to achieve this goal is based on the
mixed variational principles. The hybrid stress (HS) finite element method is pioneered by
Pian (1964) based on the Principle of Minimum Complementary Energy. Later, alternative
versions were derived from the Hellinger-Reissner Principle or the Hu-Washizu Principle (Pian
and Tong, 1972; Pian, 1972). The HS-method was based on the assumed equilibrating stresses
within the element and the compatible displacements along the element boundary. Simo and
Rifai (1990) proposed the enhanced assumed strain (EAS) method based on the Hu-Washizu
Principle. In the EAS-method, the strain field is composed of the compatible strain field
and the enhanced strain field. The stress field introduced as a primary independent field is
eliminated in the formulation through the orthogonality condition on the enhanced strain
field. Subsequently after the EAS-method was proposed, Andelfinger and Ramm (1993),
Yeo and Lee (1996) and Bischoff et al. (1999) proved that not only the displacements but
also the stresses of the EAS-element calculated from the strains are identical to those of
the corresponding HS-element if the material law in the Hu-Washizu functional is satisfied
pointwise.
Some mixed solid finite elements have been extended to the problems of soil consolida-
tion. Papastavrou et al. (1997) proposed the Q1E6 element in which both the solid strains
and the excess pore pressure gradients are enhanced following the EAS-method proposed
by Simo and Rifai (1990). This element can capture the localized failure successfully com-
pared to conventional displacement-based consolidation elements. However, it cannot be used
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for undrained condition and the purpose of enhancing the pore pressure gradients was not
discussed in their paper. Arising from the work on the stabilized one-point quadrature super-
convergent element developed in solid continuum (Belytschko et al., 1984), Li et al. (2003)
proposed a stabilized one-point quadrature mixed finite element for saturated porous media.
Their four-noded quadrilateral element uses the bi-linear displacement mode and the “opti-
mal incompressible” stress and strain modes for the solid phase. For the pore fluid phase,
similar to the incompatible displacement initially proposed by Wilson et al. (1973) and Tay-
lor et al. (1976) in solid mechanics, the element pore pressure approximation is composed of
the usual conforming bi-linear shape functions and two terms representing the incompatible
modes of the pore pressure in order to model drainage (or conversely imbibition) process
within a single element. It seems that such an element can be used in the undrained condi-
tion and performs well when modeling progressive failure characterized by strain localization.
However, the drawback of the one-point quadrature element with the hourglass mode con-
trol proposed by Belytschko et al. (1984) is the introduction of a stabilization factor which
is problem dependent. Mira et al. (2003) showed that by using the EAS-method proposed
by Simo and Rifai (1990) for the solid phase of saturated soil, the oscillation of nodal pore
pressures can be suppressed successfully for plane strain consolidation problems when equal
interpolations are adopted for both the solid displacements and the pore fluid pressures.
Guided by the successful extensions of the solid finite elements mentioned above to the
problems of soil consolidation, and the relationship between the HS-method and the EAS-
method, two mixed finite element methods, which are respectively called the hybrid element
method and the enhanced element method, are derived in this chapter based on the HS-
method and the EAS-method respectively for problems of linear elastic soil consolidation.
The main features of these two methods can be summarized as follows:
• Both the hybrid method and the enhanced method are derived on the basis of the
functional proposed by Sandhu et al. (Sandhu and Pister, 1971; Sandhu et al., 1977) for
Biot’s consolidation equations. Bi-linear interpolative functions are used for both solid
displacements and pore fluid pressures in both the hybrid element and the enhanced
element.
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• Following the enhanced plane strain element proposed by Mira et al. (2003), the en-
hanced axisymmetric element is also obtained. In addition, in the present enhanced
element, following Papastavrou et al. (1997), the excess pore pressure gradient is also
enhanced similar to the solid strain. However, the interpolative function of the excess
pore pressure gradients adopted here is different from the interpolative function of Pa-
pastavrou et al. (1997) and the first derivatives of the two incompatible pore pressure
modes of Li et al. (2003) by considering the equivalence condition between the enhanced
method and the hybrid method in the fluid phase. The purpose of using the present
interpolative function is to obtain variationally consistent pore fluid flux field from the
nodal pore pressures. By using the present enhanced method, the oscillation of the
nodal pore pressures can be suppressed in the undrained condition.
• A new hybrid element is proposed by extending the hybrid stress method in solid
mechanics to both the solid phase and the fluid phase in consolidation problems. In
this element, the interpolations of solid displacements, stains, effective stresses, pore
fluid pressures and fluid fluxes are assumed beforehand. In addition, the enhanced strain
field proposed by Piltner and Taylor (1995, 1999) is added to achieve the stabilization
of nodal pore pressures.
• When recovering the solid stress and the fluid flux in the enhanced method, the equiva-
lence between the hybrid element and enhanced element is utilized; while in the hybrid
method, the solid stress and the fluid flux can be obtained directly. Numerical exam-
ples show that both the enhanced method and hybrid method perform well and in some
situations, the results from the hybrid method are better than those from the enhanced
method.
• The implementation of the present enhanced method and hybrid method are basically
the same as that of the conventional displacement-based finite elements. Only linear
elastic consolidation problems are considered in this chapter, however, both the en-
hanced method and the hybrid method can be easily extended to non-linear problems.
The enhanced method for the non-linear consolidation problems will be discussed in
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Chapter 4 since this method will be used in Chapter 7 to simulate the breakout process
of spudcans fully embedded in soft clay.
3.2 Problem Statement
In this chapter, we study the Biot’s consolidation problem with the following assumptions
(Sandhu and Pister, 1971):
(i) The elastic medium is isotropic and saturated with incompressible fluid;
(ii) Deformation of the elastic medium depends on the effective stresses;
(iii) Fluid flow through the elastic medium obeys Darcy’s law;
(iv) Deformations and velocities are small.
Biot’s consolidation equations under the above assumptions may be written as
σ′ij,j + δijp,j + ρfi = 0 (3.1)




(ui,j + uj,i) (3.3)
θi = p,i + ρ2fi (3.4)
qi = Kijθj (3.5)
u˙i,i = ε˙ii = −qi,i (3.6)
where ui, εij , σ′ij , Dijkl are respectively the components of the displacement vector, the
components of the infinitesimal strain tensor, the components of the symmetric effective
stress tensor and the components of the elasticity tensor for the solid phase; ρfi and ρ2fi
are respectively components of the body force vectors acting on the mixture and on the fluid
phase only. p is the pore fluid pressure, θj are the components of the pore pressure gradient
vector and qi are the components of the fluid flux vector. Eq. (3.1) is the force equilibrium
equation for the solid-fluid mixture. Eq. (3.6) is the continuity equation for solid skeleton
fully saturated by an incompressible fluid.
Displacement boundary condition
ui = uˆi on S1i (3.7)






nj = tˆi on S2i (3.8)
Pore fluid pressure boundary condition
p = pˆ on Σ1 (3.9)
Fluid flux boundary condition
Q = qjnj = Qˆ on Σ2 (3.10)
where S1i and S2i are complementary subsets of the boundary of the spatial region where
displacement and traction boundary conditions are enforced respectively, Σ1 and Σ2 are
complementary subsets of the boundary of the spatial region where pore fluid pressure and
fluid flux boundary conditions are enforced respectively, and nj is the Cartesian components
of the outward unit normal to boundaries.
3.3 Enhanced Finite Element for Consolidation Problems
Papastavrou et al. (1997) proposed the Q1E6 element in which both solid strain and excess
pore fluid pressure gradient are enhanced. However, their element is not suitable when the
undrained limit state is approached. In Mira et al. (2003), the solid strain of the element
was enhanced to eliminate the oscillation of nodal pore pressures for plane strain problems
of consolidation. In this section, we will derive the enhanced finite element for problems of
consolidation, in which the pore pressure gradient is also enhanced in addition to the solid
strain. This method will also be extended to axisymmetric problems of consolidation. It will
be shown that if appropriate interpolative function for the enhanced strain field is chosen, the
present enhanced element can suppress the oscillation of pore pressures even in the undrained
condition.
3.3.1 Derivation of enhanced finite element
The following functional proposed by Sandhu et al. (Sandhu and Pister, 1971; Sandhu et
al., 1977) for Biot’s consolidation equations is taken as the starting point of the following




















g′ ∗ qi ∗ (θi − pi,i − ρ2fi) dV − 12
∫
Ve




p ∗ ui,idV −
∫
Ve
ui ∗ (ρfi) dV −
∫
S2
ui ∗ tˆidS +
∫
Σ2
p ∗ g′ ∗ QˆdS
(3.11)
where Ve denotes the spatial area of an element, g′ = 1, ∗ denotes the convolution integral,
and other notations are the same as those in Eqs. (3.1)–(3.10).
The following approximations are used for the solid displacement and the pore fluid
pressure fields:
u = Nuu˜, p = Npp˜ (3.12)
whereNu andNp are the shape functions respectively for the solid displacement and the pore
pressure fields, and u˜ and p˜ are respectively the nodal solid displacements and the nodal pore
pressures.
The effective stress field and the pore fluid flux can be assumed as
σ′ = Nσ′σ˜′, q = Nqq˜ (3.13)
whereNσ′ andNq are respectively the matrices made up of polynomial interpolative functions
for effective stresses and pore fluid fluxes, and σ˜′ nd q˜ are respectively the local element
parameters of the effective stresses and the pore fluid fluxes.
Following the idea of Simo and Rifai (1990), the assumed strains are now split into a
compatible part εu that satisfies the geometric field equations in the strong sense and an
enhanced part εen:
ε = εu + εen = Bu˜+ εen (3.14)
where B is the differential operator for the compatible part of strains.
The enhanced strains are approximated as
εen = Nεenε˜en (3.15)
where Nεen is the matrix made up of polynomial interpolative functions for the enhanced
strains, and ε˜en is the vector of the local element parameters of the enhanced strains.
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Similarly, the pore pressure gradient vector θ can also be split into a compatible part
∇p and an enhanced part θen, namely
θ = ∇p+ θen (3.16)
where θen can be approximated as
θen = Nθenθ˜en (3.17)
In addition, we may express the volumetric strain of the soil skeleton and the pore
pressure gradient as
ui,i = E1u˜+E2ε˜en (3.18)
∇p = Fp˜ (3.19)
where the matrices E1, E2 and F can be obtained from Eqs. (3.14), (3.15) and (3.12),
respectively.
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∫
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∫
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NTu (ρf) dV, M4 =
∫
Ve




T K (ρ2f) dV (3.25)
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u˜T ∗Kuu˜+ u˜T ∗ Γuε˜en + 12 ε˜
T
en ∗Huε˜en − σ˜′T ∗Ruε˜en −
1
2
g′ ∗ p˜T ∗Kpp˜
+ p˜T ∗Cu˜+ p˜T ∗ ε˜en − 12g
′ ∗ ε˜Ten ∗Hpε˜en − g′ ∗ p˜T ∗ Γpθ˜en + g′ ∗ q˜T ∗Rpθ˜en
− u˜T ∗M1 + g′ ∗ p˜T ∗M2 − u˜T ∗M3 − g′ ∗ p˜T ∗M4 − 12g
′ ∗M5
(3.26)
From the first variation of Π3 with respect to σ˜′, ε˜en, u˜, q˜, θ˜en, and p˜, respectively, we
can obtain
Ruε˜en = 0 (3.27)
ΓTu u˜+Huε˜en −RTu σ˜′ +QT p˜ = 0 (3.28)
Kuu˜+ Γuε˜en +CT p˜−M1 −M3 = 0 (3.29)
Rpθ˜en = 0 (3.30)
−g′ ∗Hpθ˜en + g′ ∗RTp q˜− ΓTp p˜ = 0 (3.31)
−g′ ∗Kpp˜− g′ ∗ Γpθ˜en +Cu˜+Qε˜en − g′ ∗ (M4 −M2) = 0 (3.32)
Following Simo and Rifai (1990), we assume that the trial functions for σ′ and εen, and
q and θen satisfy the orthogonality relation a priori, respectively. After eliminating σ′, εen,
q and θen in Eqs. (3.27)–(3.32) by static condensation, we obtain
(




CT − ΓuH−1u QT
)




(−g′ ∗Kp −QH−1u QT + ΓpH−1p ΓTp ) p˜ = g′ ∗ (M4 −M2) (3.34)
The increment form of Eq. (3.33) can be written as
(




CT − ΓuH−1u QT
)
∆p˜ = ∆f (3.35)
where ∆f is the change of external loads between successive steps.
Using the Crank-Nicolson type of approximation (Smith and Griffiths, 1997), the incre-





(−s∆tKp −QH−1u QT + ΓpH−1p ΓTp )∆p˜ = RHS (3.36)
where RHS = ∆tKpp˜ (tn−1)+(1− s)∆tM4 (t−∆t)+ s∆tM4 (t)− (1− s)∆tM2 (t−∆t)−
s∆tM2 (t), s is a scalar parameter which can vary between 0.5 and 1.0, t and t−∆t denote
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the times of the current step and the last step, respectively. If we assume the soil permeability
matrix K and the density of fluid ρ2 do not vary with time, meanwhile the fluid flux Qˆ at





(−s∆tKp −QH−1u QT + ΓpH−1p ΓTp )∆p˜ = ∆tKpp˜ (tn−1) (3.37)
Finally, we write Eqs. (3.35) and (3.37) together in the matrix form as[
Ku − ΓuH−1u ΓTu CT − ΓuH−1u QT











in which the element “stiffness” matrix still keeps symmetric since Hu is symmetric.
3.3.2 Choice of interpolative functions
For the present enhanced element, we use four-noded quadrilateral element with bi-linear
interpolative functions for both solid displacement field and pore pressure field. To implement
the enhanced element, the appropriate enhanced strain field and the enhanced pore pressure
gradient field should also be assumed beforehand. In the following, we will discuss these
interpolative functions for both plane strain problems and axisymmetric problems.
For plane strain problems of consolidation, Mira et al. (2003) found that by using the
following seven-parameter interpolative function proposed by Andelfinger and Ramm (1993)
εen = Nεenε˜en = g (ξ, η)E1 (ξ, η) ε˜en = g (ξ, η)
 ξ 0 0 0 ξη 0 00 η 0 0 0 ξη 0








for the enhanced strain field, the oscillation of pore pressures can be suppressed successfully.
In this study, Eq. (3.39) is also used for plane strain problems.
In Mira et al. (2003), the pore pressure gradient was not enhanced. In the present
enhanced element, following Papastavrou et al. (1997), the pore pressure gradient is also
enhanced and the following interpolation is adopted:
θen = Nθenθ˜en = g (ξ, η)E2 (ξ, η) θ˜en = g (ξ, η)
[
ξ 0 ξη 0






It is observed that with the above additional modes plus the compatible modes, both the
two pore pressure gradient components θenx and θeny are completely bilinear. It is also
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observed that the interpolative function for the fluid flux P2 in Eq. (3.56) is orthogonal to the
interpolative function for the enhanced pore pressure gradient E2 in Eq. (3.40). According
to Andelfinger and Ramm (1993), the hybrid element using Eq. (3.56) and the enhanced
element using Eq. (3.40) is equivalent for the fluid phase. If choosing Eq. (3.40) as the
interpolative function for the enhanced pore pressure gradients, the method of the recovery
of pore fluid fluxes in the hybrid element may be adopted in the enhanced element. This








If Eq. (3.41) is used, the present enhanced element will not be equivalent to the hybrid
element in which Eq. (3.56) is used in the fluid phase. Consequently, the recovery method of
the pore fluid flux in the hybrid method cannot be adopted in the enhanced method. Similar
to the recovery of effective stresses, if the pore fluid fluxes are calculated based on the pore
pressure gradients, the procedure is variationally not consistent and the pore fluid flux, in
general, less accurate (Andelfinger and Ramm, 1993; Yeo and Lee, 1996). In Li et al. (2003),
two incompatible pore pressure modes are used. It is observed that the first derivatives of the
two modes are the same as Eq. (3.41). This means that the effects of using the interpolative
function for the enhanced pore pressure gradients in Papastavrou et al. (1997) and the two
incompatible pore pressure modes in Li et al. (2003) are the same.
For axisymmetric problems, we find that if the following enhanced assumed strain inter-
polative function provided by Simo and Rifai (1990) for elastic solid problems is used in the
present enhanced element, the oscillations of pore pressures cannot be suppressed when the
undrained condition is approached:




ξ 0 0 0 0
0 η 0 0 0
0 0 ξ η 0
0 0 0 0 ξη
 (3.42)
We find that by using the following interpolation:
εen = Nεenε˜en = g (ξ, η)E3 (ξ, η) ε˜en




ξ 0 0 0 ξη 0 0 0
0 η 0 0 0 ξη 0 0
0 0 ξ η 0 0 ξη 0
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the stabilization of the pore pressures for axisymmetric problems can be achieved, where
r (ξ, η) is the distance from point to the axis of symmetry, and r0 = r (ξ, η) |ξ=η=0. It is
observed that the strain modes in E3 and the modes in compatible strain compose completely
bilinear interpolation of strain fields.
Since the enhanced pore pressure gradient field should be orthogonal to the pore fluid flux
field in Eq. (3.58), here we may adopt the following interpolative function for the enhanced
pore pressure gradient field:
θen = Nθenθ˜en = g (ξ, η)E4 (ξ, η) θ˜en




ξ 0 ξη 0






In the above equations, all E1 ∼ E4 are defined in the natural co-ordinate frame, thus
they should be converted to the physical coordinate frame (Zienkiewicz and Taylor, 2000) by
multiplying g (ξ, η), which can be expressed as




where detJ (ξ, η) is the determinant of the Jacobian matrix of the element, detJ0 is its value
at the center of the element and T0 is the matrix composed of the elements of Jacobian
matrix at the center of the element.
For g (ξ, η) in Eq. (3.39), T0 can be expressed as
T0 =
 J2110 J2210 2J110J210J2120 J2220 2J120J220
J110J120 J210J220 J110J220 + J120J210
 (3.46)









J110J120 J210J220 J110J220 + J120J210 0
0 0 0 1
 (3.47)











3.3.3 Recovery of effective stresses and pore fluid fluxes
When the present enhanced element is used, the methods of recovery of solid stresses and
pore fluid fluxes are not so direct. It has been found that when the Jacobian of the element is
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constant, the variational problem of the EAS-method is equivalent to that of the HS-method
exactly, i.e. the displacements of the two methods are identical and the stresses of the EAS-
elements based on the strains are also identical to those of the corresponding HS-elements
at every point of the element (exact equivalence). When the Jacobian is not constant, the
displacements of the two methods are identical to each other and the stresses of the EAS-
elements, based on the strains, are identical to those of the equivalent HS-elements only at the
Gauss integration points (Andelfinger and Ramm, 1993; Yeo and Lee, 1996; Bischoff et al.,
1999). Here we extend this concept to the fluid phase. Therefore, we may use the following
formulas to obtain the effective stresses and the pore fluid fluxes:



























In Eqs. (3.51) and (3.52), the matricesD, B, K and F have been defined when we derived the
enhanced element. In the following, Nσ′ and Nq will be given for both plane strain problems
and axisymmetric problems.
For plane strain problems, the following assumed stress interpolation of the Pian-
Sumihara element (Pian and Sumihara, 1984) is adopted in this study:
Nσ′ = g (ξ, η)P1 (ξ, η) = g (ξ, η)
 1 0 0 η 00 1 0 0 ξ
0 0 1 0 0
 (3.53)
where P1 (ξ, η) is defined in the natural element coordinates, therefore it should be converted
into the physical fields by multiplying g (ξ, η) given in Eq. (3.46).
Next, the method proposed by Pian and Sumihara (1984) to obtain Eq. (3.53) is followed
to obtain the appropriate interpolative function Nq for the pore fluid flux field. Firstly, we
assume that the pore pressure p can be decomposed into two parts:
p = pc + pa (3.54)
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where pc is the compatible pore pressure in terms of nodal pore pressure p˜, pc = Npp˜, pa is
the internal pore pressure, pa = λ1
(
1− ξ2) + λ2 (1− η2), λ1 and λ2 are parameters at the
element level. Actually, Eq. (3.54) was initially proposed by Wilson et al. (1973) and Taylor
et al. (1976) for the displacement in solids. The following complete linear terms for the pore








1 ξ η 0 0 0






By using the similar procedures proposed in Pian and Sumihara (1984), finally we obtain
Nq = g (ξ, η)P2 (ξ, η) = g (ξ, η)
[
1 0 η 0
0 1 0 ξ
]
(3.56)
For axisymmetric problems, the following stress interpolation
Nσ′ = g (ξ, η)P3 (ξ, η) = g (ξ, η)

1 0 0 0 η 0 0 0
0 1 0 0 0 ξ 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 ξ η
 (3.57)
proposed by Pian and Wu (1988) is adopted in this study.
Using the same method as for plane strain problems, we obtain the following pore fluid
flux interpolation for axisymmetric problems:
Nq = g (ξ, η)P4 (ξ, η) = g (ξ, η)
[
1 0 η 0
0 1 0 ξ
]
(3.58)
3.3.4 Effects of enhanced strains and enhanced pore pressure gradients
In this study, the bi-linear interpolations for both solid displacements and pore pressures are
adopted for the above enhanced method. Through the numerical examples in Subsection
3.5.1 of this chapter, we will show that when appropriate interpolative functions of enhanced
strain are chosen in the present enhanced element, the stabilization of the pore pressures can
be achieved even if the undrained limit state is approached.
Otherwise, it should be pointed out that the inclusion of the enhanced pore pressure
gradients will not improve the accuracy of the nodal solid displacements and the nodal pore
pressures no matter whether the soil permeability is constant or variable within elements.
This phenomenon may be explained that in Eq. (3.38), the term QH−1u Q
T resulting from
the inclusion of the enhanced solid strains, is usually much larger that the term ΓpH−1p Γ
T
p
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resulting from the inclusion of the enhanced pore pressure gradients. Therefore, the influence
of the term ΓpH−1p Γ
T
p is very small. The aim of the inclusion of the enhanced pore pressure
gradients in the present work is to enable the enhanced element to simulate the drainage
process within a single element (i.e. water is expelled from or drawn in an element) because
the bi-linear interpolation for the pore pressures implies bi-constant Darcy velocities within
an element (Li et al., 2003).
3.4 Hybrid Finite Element for Consolidation Problems
In this section, the HS-method in solid mechanics (Pian, 1964, 1972; Pian and Tong, 1972) is
extended to the problems of soil consolidation. In the present hybrid element, in addition to
the solid displacement and the pore pressure fields, the stress, strain and the pore fluid flux
interpolation fields are also assumed beforehand.
3.4.1 Derivation of hybrid finite element
The functional Π1 proposed by Sandhu et al. (Sandhu and Pister, 1971; Sandhu et al., 1977)
is still taken as the starting point of the following derivation. To achieve the stabilization of
pore pressures in the undrained state, the term
∫
Ve
σ′T ∗εendV is added into Π1, where σ′ is
the effective stress and εen is the enhanced strain. It should be noted that this term was first
used by Piltner and Taylor (1995, 1999) to obtain an accurate four-noded plane strain/stress
element for solid mechanics problems.
The displacements, effective stresses, strains, enhanced strains, pore pressures and pore
fluid fluxes are assumed in the form
u = Nuu˜, σ′ = Nσ′σ˜′, ε = Nσ′ ε˜ (3.59)
εen = Nεenε˜en, p = Npp˜, q = Nqq˜ (3.60)
where ε is the vector of the solid strains, ε˜ is the vector of the local element parameters of
the solid strains, and other notations are the same as those in the last section. Here we let
the assumed strain field be the same as the assumed stress field.
In addition, we also define
D¯u = Bu˜, εv =mε =mNσ′ ε˜, ∇p = Fp˜, θ = K−1q (3.61)
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where D¯ is a linear differential operator matrix, εv is the volumetric strain of soil skeleton,
K is the soil permeability matrix, m = [1, 1, 0] for plane strain element and m = [1, 1, 0, 1]
for axisymmetric element, and other notations are the same as those in the last section.
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NTp (mNσ′) dV, M1 =
∫
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NTu (ρf) dV, M4 =
∫
Ve




T K (ρ2f) dV (3.66)




ε˜T ∗Hσ′ ε˜+ σ˜′ ∗ Lu˜− σ˜′ ∗Hε˜+ σ˜′ ∗ Lenε˜en + p˜ ∗ Sε˜+ 12g
′ ∗ q˜T ∗Hqq˜





From the first variation of Π5 with respect to σ˜′, ε˜, u˜, ε˜en, p˜, and q˜, respectively, we
obtain
0 −H L Len 0 0
−HT Hσ′ 0 0 0 ST
LT 0 0 0 0 0
LTen 0 0 0 0 0
0 0 0 0 g′ ∗Hq −g′ ∗ Lq




















From Eq. (3.68), we can obtain the strain, effective stress and fluid flux parameters as
ε˜ = H−1Lu˜+H−1Lenε˜en (3.69)
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σ˜′ = H−1Hσ′H−1Lu˜+H−1Hσ′H−1Lenε˜en +H−1ST p˜ (3.70)
q˜ = L−1q Hqp˜ (3.71)
Substituting Eqs. (3.69) and (3.70) into Eq. (3.68), and eliminating ε˜en and q˜ by static
condensation, we obtain[
Ku − ΓuH−1u ΓTu CT − ΓuH−1u QT
















−1Hσ′H−1Len, C = SH−1L, Q = SH−1Len (3.74)
Using the Crank-Nicolson type of approximation in the time domain (Smith and Griffiths,
1997), the incremental form of Eq. (3.72) can be written as[
Ku − ΓuH−1u ΓTu CT − ΓuH−1u QT











where s is a scalar parameter which can vary between 0.5 and 1.0, t and t−∆t respectively
denote the times of the current step and the last step.
3.4.2 Choice of interpolative functions
For the present hybrid finite element, we still use four-noded quadrilateral element with
bi-linear interpolative functions for both displacement field and pore pressure field. To im-
plement the hybrid method, the appropriate enhanced strain field and the effective stress field
should be assumed in advance. In the following, we will discuss these interpolative functions
in natural co-ordinate for both plane strain problems and axisymmetric problems.
For plane strain problems, we find that when using the following enhanced strain field
and effective stress field:
Nεen = g (ξ, η)E (ξ, η) ε˜en = g (ξ, η)
 ξ 0 0 00 η 0 0
0 0 ξ η
 (3.76)
Nσ′ = g (ξ, η)P (ξ, η) = g (ξ, η)
 1 ξ η 0 0 0 0 0 00 0 0 1 ξ η 0 0 0
0 0 0 0 0 0 1 ξ η
 (3.77)
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the oscillation of fluid pore pressures cannot be suppressed when the undrained state is
approached.
However, we find that when using
Nεen = g (ξ, η)E (ξ, η) = g (ξ, η)
 ξ 0 0 0 ξη 0 00 η 0 0 0 ξη 0
0 0 ξ η 0 0 ξη
 (3.78)
and
Nσ′ = g (ξ, η)P (ξ, η) = g (ξ, η)
 1 ξ η ξη 0 0 0 0 0 0 0 00 0 0 0 1 ξ η ξη 0 0 0 0
0 0 0 0 0 0 0 0 1 ξ η ξη
 (3.79)
the stabilization of fluid pore pressures can be achieved even in the undrained state. It is also
found that, when choosing Eq. (3.76) as the interpolative function for the enhanced strain
field and Eq. (3.79) as the interpolative function for the effective stress field, the oscillation
of pore pressures cannot be eliminated. For plane strain problems, g (ξ, η) is defined in Eqs.
(3.45) and (3.46).
It should be noted that when choosing the interpolative function for the effective stress
field, the following condition
nσ′ ≥ nu + nεen − r (3.80)
should be satisfied, where nσ′ is the number of the effective stress terms, nu the number of
nodal displacements, nεen the number of the enhanced strain terms, and r the number of
rigid body modes. For the four-noded element, we have nu = 8 and r = 3. If we choose Eq.
(3.78) in which nεen = 7 as the enhanced strain field, we should satisfy nσ′ ≥ 12. This is the
reason that we choose Eq. (3.79) as the interpolative function for the effective stress field.
For the axisymmetric problem, we find that by using the following interpolative function
for the enhanced strain field:




ξ 0 0 0 0
0 η 0 0 0
0 0 ξ η 0
0 0 0 0 ξη
 (3.81)
and the following interpolative function for the effective stress field:
Nσ′ = g (ξ, η)P (ξ, η) = g (ξ, η)

1 ξ η 0 0 0 0 0 0 0 0 0
0 0 0 1 ξ η 0 0 0 0 0 0
0 0 0 0 0 0 1 ξ η 0 0 0
0 0 0 0 0 0 0 0 0 1 ξ η
 (3.82)
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the pore pressures will oscillate when approaching the undrained limit condition.
However, we find that when using Eq. (3.81) as the interpolative function for the en-
hanced strain field and the following interpolative function for the effective stress field:
Nσ′ = g (ξ, η)P (ξ, η) = g (ξ, η)

1 ξ η ξη 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 ξ η ξη 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 ξ η ξη 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 ξ η ξη

(3.83)
the oscillation of pore pressures can be suppressed in the undrained condition, where for
axisymmetric problems, g (ξ, η) is defined in Eqs. (3.45) and (3.47).
It is also found that when we use Eq. (3.43) as the enhanced strain field and Eq. (3.83)
as the effective stress field, the oscillation of fluid pore pressures can also be suppressed when
the undrained condition is approached. However, the number of the enhanced strain modes
in Eq. (3.43) is greater than that in Eq. (3.81).
Hence, in the present work, for plane strain problems, we use Eq. (3.78) and Eq. (3.79)
as the interpolative functions for the enhanced strain field and the effective stress field,
respectively; whereas for axisymmetric problems, we use Eq. (3.81) and Eq. (3.83) as the
interpolative functions for the enhanced strain field and the effective stress field, respectively.
For both the plane strain problems and axisymmetric problems, the following pore fluid
flux interpolation is used in this study:
Nq = g (ξ, η)P (ξ, η) = g (ξ, η)
[
1 0 η 0
0 1 0 ξ
]
(3.84)
where g (ξ, η) is defined in Eqs. (3.45) and (3.48).
3.4.3 Faster solution method for hybrid finite element method
In order to avoid calculating the matrices H, Hσ, Hq, L, S as well as performing numerical
inversion ofH and matrix multiplications in Eqs. (3.73) and (3.74), an efficient method using
B¯ function proposed by Piltner and Taylor (1999) may be adopted here. In the following we
will present the method for plane strain problems. For axisymmetric problems, the procedures
are similar.
Following Piltner and Taylor (1999), we choose the effective stress interpolative function
in Cartesian co-ordinate, but not in natural co-ordinate given in the last subsection so that
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finally we do not need to multiply g (ξ, η) to the assumed effective stress field. The effective






 = Nσ′σ˜′ (3.85)
where
Nσ′ =
 Nσ′1 Nσ′2 Nσ′3 Nσ′4 0 0 0 0 0 0 0 00 0 0 0 Nσ′1 Nσ′2 Nσ′3 Nσ′4 0 0 0 0
0 0 0 0 0 0 0 0 Nσ′1 Nσ′2 Nσ′3 Nσ′4

(3.86)
where functions Nσ′1∼Nσ′4 can be obtained by the Gram-Schmidt orthogonalization process
(Piltner and Taylor, 1999). Since Nσ′1∼Nσ′4 satisfy the orthogonalization condition, finally,
H can be expressed as
H =
 Hˆ 0 00 Hˆ 0
0 0 Hˆ
 , where Hˆ =

hˆ11 0 0 0
0 hˆ22 0 0
0 0 hˆ33 0





N2σ′idV, i = 1, 2, 3, 4 (3.88)
As a result, H is diagonal and can be easily inverted.
B defined in Eq. (3.61) can be expressed as
B =
 Nu1,x 0 Nu2,x 0 Nu3,x 0 Nu4,x 00 Nu1,y 0 Nu2,y 0 Nu3,y 0 Nu4,y
Nu1,y Nu1,x Nu2,y Nu2,x Nu3,y Nu3,x Nu4,y Nu4,x
 (3.89)
From Eq. (3.69), the assumed strain can be written as
ε = Nσ′ ε˜ = B¯u˜+ B¯enε˜en (3.90)
where
B¯ = Nσ′H−1L, B¯en = Nσ′H−1Len, (3.91)
The matrix B¯ has the same sparse structure as the matrix B and can be written as
B¯ =
 N¯u1,x 0 N¯u2,x 0 N¯u3,x 0 N¯u4,x 00 N¯u1,y 0 N¯u2,y 0 N¯u3,y 0 N¯u4,y


















Nσ′jNui,ydV, i = 1, 2, 3, 4
(3.93)
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Because Eq. (3.78), which is adopted as the interpolative function for the enhanced strain
field for plane strain problems, is defined in natural co-ordinate, Nεen cannot be written as
a sparse matrix. As a result, B¯en is also not a sparse matrix. To obtain B¯en, Len should







Len(k+(i−1)×4,j), i = 1, 2, 3; j = 1, 2, 3, . . . , 7 (3.94)
in which Len(ij) are the components of the matrix Len, i = 1, 2, . . . , 12; j = 1, 2, . . . , 7.
We also define a matrix B¯q as
B¯q = NqLq (3.95)
in which Lq can be obtained through numerical integrals.
After defining B¯, B¯en and B¯q, instead of computing the matrices Ku, Γu, Hu, C, Q and






















It should be noted that before calculating the matrics in Eqs. (3.96) and (3.97), firstly we
need to obtain B¯, B¯en and B¯q at the Gauss points of elements.
In the present hybrid method, the effective stresses σ′ can be recovered easily through
Eq. (3.59) and Eq. (3.70); while the fluid fluxes q can be obtained by using Eq. (3.60)
and Eq. (3.71). In addition, the hybrid method can be extended to non-linear consolidation
problems easily because of the inclusion of the assumed strains (Piltner, 2000).
3.5 Numerical Examples
In this section, several examples are presented to demonstrate the accuracy of the enhanced
method and the hybrid method for problems of soil consolidation. Both the enhanced
method and the hybrid method use Q44 element (4 nodes for solid displacements and 4
nodes for pore fluid pressures per element). Meanwhile, the solutions given by the conven-
tional displacement-based finite element method using Q44 element are also presented here
to compare with the present methods.
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In the enhanced method for plane strain problems, Eq. (3.39) and Eq. (3.40) are adopted
as the interpolative functions for the enhanced strain field and the enhanced pore pressure
gradient field, respectively; whereas in the enhanced method for axisymmetric problems, Eq.
(3.43) and Eq. (3.44) are adopted as the interpolative functions for the enhanced strain
field and the enhanced pore pressure gradient field, respectively. In the hybrid method for
plane strain problems, we use Eq. (3.78) and Eq. (3.79) as the interpolative functions for the
enhanced strain field and the effective stress field, respectively; whereas in the hybrid method
for axisymmetric problems, we use Eq. (3.81) and Eq. (3.83) as the interpolative functions
for the enhanced strain field and the effective stress field, respectively. In the hybrid method,
Eq. (3.84) is adopted as the interpolative function for the pore fluid flux for both plane strain
problems and axisymmetric problems.
3.5.1 Stability of pore fluid pressures when approaching undrained limit
state
The demonstration problem and the quadrilateral element mesh used are shown in Figure 3.1
(Reed, 1984). A saturated soil layer of height H = 7m, on an impervious base, is subjected
instantaneously to a uniform normal pressure p0 = 1.0kN/m2 on the surface, and then this
pressure keeps unchanged. For this example, the parameters of the isotropic linear elastic
soil are:
Young’s modulus E = 6000kPa
Poisson’s ratio ν = 0.4
Permeability k = 1.0× 10−7m/s
The above soil parameters correspond to the coefficient of consolidation cv = 1.0922 ×
10−4m2/s.
In the following, both plane strain and axisymmetric problems are analyzed. The dis-
tributions of pore pressure along the depth at 1 second after loading from the conventional
Q44 method, the enhanced method and the hybrid method are presented for comparison.
Terzaghi’s analytical solution is also included.
It is well known that when using conventional displacement-based elements with the
same number of displacement nodes and pore pressure nodes in consolidation problems, the
existence of the oscillation of pore pressures is inevitable when the undrained limit state is
approached (Aubry and Kodaissi, 1984; Lewis and Schrefler, 1998; Reed, 1984). In Figure
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3.2, the distributions of the excess pore pressures along the depth for both the plane strain
problem and the axisymmetric problem are given. The results in Figure 3.2 show that both
the enhanced method and the hybrid method can suppress the oscillation of pore pressures
successfully, but the conventional displacement-based method cannot.
3.5.2 Consolidation problems involving variable soil permeability within
elements
The influence of the enhanced method and the hybrid method in the fluid phase is examined
for problems in which variable soil permeability is involved within elements. Here we still
use the last example, in which the soil permeability is k = 10−4z, where z is the soil depth
from the surface. The coarse mesh shown in Figure 3.1 is used. Since no analytical solution
is available for the present problem, we use a very fine mesh with 200 elements to obtain
a more accurate solutions for comparison with the solutions from the coarse mesh. Similar
to the last example, the excess pore pressure along depth at 50 seconds after loading from
the conventional Q44, the enhanced method and the hybrid method are presented in Figure
3.3. Both plane strain problem and axisymmetric problem are examined. From Figure 3.3, it
is observed that the pore pressure distributions from the conventional Q44 method and the
enhanced method are nearly the same, while results from the hybrid method seems better.
Therefore, this problem shows that the enhanced pore pressure gradient in the enhanced
method does not improve the accuracy of numerical results for the coarse mesh, while the
hybrid method in the fluid phase is capable of providing more accurate results when variable
soil permeability is involved within elements.
3.5.3 Consolidation problems involving materials with high Poisson’s ratio
In the following, the problem of a linear elastic half-space subjected to a uniform strip load of
half-width one unit or a uniform circular load of radius one unit is studied. In this example,
we let the Poisson’s ratio be 0.495. The half-space is modeled by depth and half-width of
9a. We will show that the proposed hybrid method and the enhanced method can be used to
analyze consolidation problems involving nearly incompressible materials. The finite element
mesh used here is shown in Figure 3.4. The points where excess pore pressure and effective
stress are computed are also shown in Figure 3.4.
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The computational results using the conventional method, the enhanced method and
the hybrid method for plane strain problem and axisymmetric problem are shown in Figures
3.5 and 3.6, respectively. The analytical solutions given by McNamee and Gibson (1960a,b)
are also presented for comparison. It is observed that, the accuracy of pore water pressures
obtained from these three methods are nearly the same for high Poisson’s ratio. However, the
results for the effective stresses obtained by the conventional method are not accurate when
high Poisson’s ratio is involved, whereas the hybrid method and the enhanced method work
well in such a situation. This phenomenon is more obvious for the axisymmetric problem.
3.5.4 Related poroelastic problems where bending effect is dominant
In elastic problems, both the EAS method and the HS method can overcome the bending
locking effectively (Simo and Rifai, 1990; Piltner and Taylor, 1995, 1999; Pian and Sumihara,
1984). In the following, we will analyze a poroelastic problem in which the bending effect is
dominant (Li et al., 1995, 1999). The problem is shown in Figure 3.7. Both plane strain and
axisymmetric problems are analyzed. For the plane strain problem, the structure studied
here is a cantilever beam; whereas for the axisymmetric problem, the structure is actually
a circular plate supported at its center. For convenience, in the following, we call both the
structures in the plane strain problem and the axisymmetric problem a beam. It is suggested
that this model may be useful in describing the mechanical behavior of such natural structural
elements as plant stems (Weier et al., 1982; Schulgasser and Witztum, 1992).
It is assumed that the boundaries around the problem are completely impermeable except
at the end. The beam is modeled by a coarse mesh with 5 elements. A fine mesh with 48
elements is also used here in order to obtain more accurate solution, which is regarded as
the standard solution when comparing results from the coarse mesh by the conventional Q44
method, the enhanced method and the hybrid method. The parameters used in this example
are given in Figure 3.7, where consistent units are implied. The variations of the vertical
displacement of the end of the beam are given in Figure 3.8. It is shown that when the coarse
mesh is used, the results from the enhanced method and the hybrid method are superior to
those from the conventional Q44 method. For the conventional Q44 method, the results are
greatly improved when the mesh becomes finer. Both the enhanced method and the hybrid
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method perform well in this example even when the coarse mesh is used. The results from
the hybrid method is slightly better than those from the enhanced method.
3.6 Concluding Remarks
In this chapter, the enhanced finite element method and the hybrid finite element method
for elastic soil consolidation problems are derived starting from the functional proposed by
Sandhu et al. (Sandhu and Pister, 1971; Sandhu et al., 1977). The enhanced method is
based on the enhanced assumed strain method in solid mechanics initially proposed by Simo
and Rifai (1990), while the hybrid method is based on the hybrid stress method in the solid
mechanics initially proposed by Pian et al.(Pian, 1964, 1972; Pian and Tong, 1972). The
enhanced method and the hybrid method are extended to the fluid phase similar to solid
phase. Both plane strain problem and axisymmetric problem are studied in the present
work.
Both the enhanced and the hybrid finite element methods use Q44 quadrilateral elements
in which bi-linear interpolative functions are adopted for both solid displacements and pore
fluid pressures. It is well-known that for the conventional displacement-based Q44 element,
the pore fluid pressures will oscillate when approaching the undrained state. In this chapter,
it is shown that for the present enhanced method and hybrid method, the stabilization of the
pore fluid pressures can be achieved in the undrained condition, if appropriate enhanced strain
field is chosen for the enhanced method, and appropriate strain field, effective stress field and
enhanced strain field are chosen for the hybrid method. For the enhanced method, the main
objective of extending the enhanced assumed strain method to the fluid phase is to model the
drainage condition within a single element. However, for the hybrid method, the extension
of the hybrid stress method to the fluid phase not only enable the possibility of simulating
the drainage condition within a single element, but can also improve the numerical results
for the condition when the soil permeability is discontinuous or variable within elements. In
the enhanced method, the recovery of the solid effective stresses and the pore fluid fluxes
can be fulfilled by utilizing the equivalence between the enhanced assumed strain method
and the hybrid stress method. While in the hybrid method, the solid effective stresses and
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the pore fluid fluxes can be obtained directly. Initially it seems that the hybrid method is
more complex than the enhanced method. However, following the B¯ method proposed by
Piltner and Taylor (1995, 1999) in solid mechanics, a fast solution method is available for the
problems.
Several numerical examples are presented to illustrate the merits of the present enhanced
method and hybrid method compared to the conventional displacement-based Q44 method.
It is observed that both the enhanced method and hybrid method can suppress the oscillation
of pore fluid pressures in the undrained condition, but the conventional displacement-based
Q44 element cannot. It is also found that results from the enhanced method and the hybrid
method are also more accurate than those from the conventional displacement-based Q44
method for consolidation problems involving materials with high Poisson’s ratio or in other
related problems where bending effects are evident. Both the enhanced method and the
hybrid method perform well in these examples, and the results from the hybrid method are
better than those from the enhanced method in some situations.
Since all the element parameters except the nodal displacements and nodal pore pres-
sures are assumed in the element level and can be eliminated by static condensation, the
implementations of both the derived enhanced method and hybrid method are basically the
same as the conventional displacement-based finite element method. Accordingly, existing
programs can be easily changed to accommodate the present enhanced method and hybrid
method. In addition, it should be mentioned that both the enhanced method and the hybrid
method can be readily extended to non-linear consolidation problems. The enhanced finite
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Figure 3.1: One-dimensional consolidation problem and a ten-element mesh.
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(a) Plane strain problem















Figure 3.2: Excess pore pressures along the depth for plane strain problem and axisymmetric
problem at t=1s.
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(a) Plane strain problem










Conventional Q44 (coarse mesh)
Enhanced method (coarse mesh)
Hybrid method (coarse mesh)
Conventional Q44 (fine mesh)
Enhanced method (fine mesh)
Hybrid method (fine mesh)
(b) Axisymmetric problem
Figure 3.3: Excess pore pressures along the depth for plane strain problem and axisymmetric


































Figure 3.4: Finite element mesh for an elastic half-space.
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(a) Excess pore fluid pressures vs. time
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(b) Effective stresses vs. time
Figure 3.5: Excess pore fluid pressures and effective stresses at computational points for plane
strain problem in which Poisson’s ratio is 0.495.
Figures 80
0.01 0.1 1 10 100














(a) Excess pore fluid pressures vs. time
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(b) Effective stresses vs. time
Figure 3.6: Excess pore fluid pressures and effective stresses at computational points for
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Figure 3.7: Finite element meshes for a poroelastic problem where the bending effect is
dominant.
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Enhanced method (coarse mesh)
Hybrid method (coarse mesh)
Conventional Q44 (fine mesh)
Enhanced method (fine mesh)
Hybrid method (fine mesh)
(a) Plane strain problem















Conventional Q44 (coarse mesh)
Enhanced method (coarse mesh)
Hybrid method (coarse mesh)
Conventional Q44 (fine mesh)
Enhanced method (fine mesh)
Hybrid method (fine mesh)
(b) Axisymmetric problem
Figure 3.8: Vertical displacements for the plane strain and axisymmetric poroelastic problems
where the bending effect is dominant.
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Chapter 4
Enhanced Finite Element Method




In geotechnical engineering, the finite element method is often used to predict collapse loads,
especially when exact (or closely-bracketed) limit solutions cannot be readily derived, or
complex constitutive relations are employed. Nagtegaal et al. (1974) gave a comprehensive
analysis of the problems associated with predicting limit loads accurately and they demon-
strated that with exact integration, many of the low-order displacement-based finite elements
are not suitable for undrained conditions, especially for axisymmetric problems. Sloan and
Randolph (1982) investigated the ability of the displacement-based finite elements to predict
collapse loads accurately for strip and circular footings on a thick layer of undrained cohesive
soil. They concluded that when exact integration is used, all elements (except the 4-noded
quadrilateral) turn out to be suitable for plane strain conditions but only the cubic strain
triangle is satisfactory for axisymmetric configurations.
An alternative approach for predicting the collapse loads is to use reduced/selective in-
tegration (Zienkiewicz et al., 1971; Malkus and Hughes, 1978; Hughes et al., 1978; Hughes,
1980). Griffiths (1982a,b) presented the successful use of 8-noded displacement-based ele-
ments with reduced integration to predict the collapse loads for both plane strain and axisym-
metric geotechnical problems. For 4-noded quadrilateral elements, using reduced integration
leads to spurious deformation patterns, whereas selective integration, in which the shear con-
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tribution to stiffness is integrated exactly and the volumetric contribution is evaluated using
reduced integration, proved quite successful in alleviating the volumetric locking. However,
for both reduced and selective integration method, the alleviation of the volumetric locking
is at the price that the incompressibility is only be satisfied at the integration points, but not
pointwise (Sloan and Randolph, 1982).
Since the introduction of the finite element method, considerable attention has been de-
voted to the development of low order quadrilateral elements (typically bilinear) that exhibit
high accuracy using coarse meshes (Simo and Rifai, 1990), in which the most general approach
is based on mixed variational principles. To improve the poor performance of the 4-noded
quadrilateral elements for structural problems, Nagtegaal et al. (1974) proposed a modified
variational principle in which both the dilatational strain increment and the displacement
increments are presented as independent variables. It is very easy to adapt an existing
conventional displacement-based finite element computer program for this method. Subse-
quently, Toh (1978) and Toh and Sloan (1980) successfully applied the 4-noded quadrilateral
elements proposed by Nagtegaal et al. (1974) to geotechnical problems. However, a significant
disadvantage of such elements is that they can be employed only for non-dilational materials
(Sloan and Randolph, 1982; Toh and Sloan, 1980). Sukumaran et al. (1999) showed that the
8-noded hybrid stress (HS) element with reduced integration can be used to determine the
collapse loads accurately. The enhanced assumed strain (EAS) finite element method pro-
posed by Simo and Rifai (1990) can avoid volumetric locking and shear locking successfully
for elasticity problems. Due to the strain driven character of plasticity at the constitutive
level in the standard algorithmic framework, the implementation of the EAS method is much
easier than that of the HS method for plasticity problems (Simo and Rifai, 1990; Andelfinger
et al., 1992). Andelfinger et al. (1992) developed new two-dimensional four-noded membrane
and three-dimensional eight-noded solid elements for structural plasticity problems by using
the EAS method. However, little work has been done to discuss whether the EAS finite
element method can be used to predict collapse loads for geotechncial problems, particularly
for low-order elements.
In this chapter, some finite element computations of bearing capacity of smooth, rigid sur-
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face strip and circular footings are obtained by using the EAS method. One of the main aims
of this chapter is to investigate the ability of the 4-noded EAS finite elements to determine
the collapse loads accurately for both plane strain and axisymmetric undrained geotechnical
problems. After the EAS method is proven to be suitable for elasto-plastic undrained prob-
lems, the enhanced finite element method developed for the linear elastic soil consolidation
problems in Chapter 3 is extended to elasto-plastic soil consolidation problems.
4.2 EAS Element for Elasto-Plastic Undrained Problems
The EAS method proposed by Simo and Rifai (1990) is based on the Hu-Washizu variational
principle. The key feature of this method lies in the strain field which is composed of the
compatible strain field and the enhanced strain field:
∆ε = ∇ (∆u) + ∆εen (4.1)
where ∆ is the increment notation conventionally used in elasto-plastic problems, ∇ is the
symmetric gradient notation, ∆u is the displacement increment field, and ∆εen is the en-
hanced strain increment field, ∆ε = [εx, εy, γxy, εz]
T and ∆εen = [εenx, εeny, γenxy, εenz]
T
for plane stain problems, and ∆ε = [εr, εz, γrz, εθ]
T and ∆εen = [εenr, εenz, γenrz, εenθ]
T for
axisymmetric problems. In the EAS method, the stress field introduced as a primary in-
dependent field is eliminated in the formulation through the orthogonality condition on the
enhanced strain field. It was shown by Simo and Rifai (1990) that the classical element with
incompatible displacement modes can be regarded as a special case of the EAS method.
4.2.1 Finite element formulation
The derivation of the enhanced assumed strain finite element is presented in detail by Simo
and Rifai (1990) for elasticity problems. Here we shall not review the derivation but only
give the main results.
The continuous displacement increment field and the discontinuous enhanced assumed
strain increment field are respectively assumed to be
∆u = Nu∆u˜ (4.2)
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and
∆εen = Nεen∆ε˜en (4.3)
where Nu are the shape functions for displacement increment field, ∆u˜ is the nodal dis-
placement increment, Nεen is the matrix made up of polynomial interpolative functions for
the enhanced strains, ∆ε˜en is the increment vector of the local element parameters of the
enhanced strains and other notations are the same as those in Eq. (4.1).
















BTDepBdV is the element stiffness matrix of the conventional displacement-
based finite element, Γu =
∫
Ve
BTDepNεendV , Hu =
∫
Ve
NTεenDepNεendV , B is the strain-
displacement matrix,Dep is the elasto-plastic tangent matrix, ∆f is the element external force
increment, and Nεen is defined in Subsection 4.2.2. When using the 4-noded quadrilateral
elements and the matrix Nεen defined in Subsection 4.2.2, all the sizes of Ku, Γu and Hu in
Eq. (4.4) are (8× 8).
4.2.2 Two-dimensional 4-noded elements
In the present study, we use the 4-noded quadrilateral elements for two-dimensional elasto-
plastic problems. The shape functions for displacement Nu may be the same as those of the
conventional displacement-based finite element method.
For plane strain elements, we may adopt the following interpolation for the enhanced
strains:
E (ξ, η) =

ξ 0 0 0 ξη 0 0 0
0 η 0 0 0 ξη 0 0
0 0 ξ η 0 0 ξη 0
0 0 0 0 0 0 0 ξη
 (4.5)
where ξ and η are respectively the natural coordinates in the horizontal and vertical directions.
For axisymmetric elements, we may use the following interpolation




ξ 0 0 0 ξη 0 0 0
0 η 0 0 0 ξη 0 0
0 0 ξ η 0 0 ξη 0
0 0 0 0 0 0 0 ξη
 (4.6)
where ξ and η are respectively the natural coordinates in the radial and vertical directions,
r (ξ, η) is the radial distance of point (ξ, η) and r0 = r (0, 0).
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For both the plane strain EAS element and the axisymmetric EAS element, the orthogo-
nality condition between the assumed element enhanced strain field and the assumed element




in Eq. (4.6) for the axisymmetric EAS elements. As to the plane strain EAS
element, this term is not needed. It is observed that in Eqs. (4.5) and (4.6), the strain modes
in E (ξ, η) and the modes in compatible strains comprise completely bilinear interpolation of
strain fields.
E (ξ, η) in Eqs. (4.5) and (4.6) are defined in the natural coordinate frame, thus they





T−T0 E (ξ, η) (4.7)
where detJ (ξ, η) is the determinant of the Jacobian matrix of the element, detJ0 is its value
at the center of the element and T0 is the matrix composed of the elements of Jacobian










J110J120 J210J220 J110J220 + J120J210 0
0 0 0 1
 (4.8)
It should be pointed out that the matrices E (ξ, η) defined in Eqs. (4.5) and (4.6) are
different from those provided by Simo and Rifai (1990). In this section, the EAS method
is applied to the uncoupled elasto-plastic geotechnical problems. However, it can also be
extended to the elasto-plastic problems of soil consolidation as will be discussed later in this
chapter, in which the quadrilateral 4-noded elements are used for both the solid phase and
the fluid phase. At this time, if the matrices E (ξ, η) defined here are used, the oscillation of
the pore fluid pressures can be avoided successfully for both plane strain and axisymmetric
problems when the undrained condition is approached. However, using the interpolative
functions provided in Simo and Rifai (1990), the stabilization of the pore fluid pressures
cannot be achieved. This point has been identified for elastic problems of soil consolidation
in the last chapter.
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4.2.3 Algorithm for solving non-linear system of equations
The commonly used algorithms for solving non-linear system of equations in the finite ele-
ment method are tangent stiffness method, “initial strain” method, “initial stress” method,
Newton-Raphson method and modified Newton-Raphson method, etc. In the following, both
the “initial strain” method and the “initial stress” method (Smith and Griffiths, 1997) are
presented since these two methods have certain merits for different problems which will be
addressed below.
“Initial strain” method
The “initial strain” method has been shown to be an efficient and versatile way of solving a
wide class of boundary value problems (Humpheson, 1976). It has also been shown to be more
efficient than the “initial stress” method, requiring approximately half as many iterations per
load/displacement increment (Griffiths, 1980, 1982b). In the following, the key steps of the
“initial strain” method will be presented for the EAS method.
For a load/displacement increment, we will begin with the ith iteration. From Eq. (4.4),


















where the superscript i denotes the ith iteration in the current load/displacement increment,
∆f is the actual applied load increment, ∆Fi and ∆Gi are the corrective nodal forces which
vary from one iteration to the next and must be self-equilibrating so that the net loading on
the system is not affected by them. It should be noted that in Eq. (4.9), the elastic matrix
D is used instead of the elasto-plastic tangent matrix Dep used in Eq. (4.4).
In Eq. (4.9), ∆Fi and ∆Gi can be obtained from





BTD (δεvp)i dVe (4.10)
and







where i = 2, 3, 4, · · · , ∆F1 = 0, ∆G1 = 0, (δεvp)i is the increment of visco-plastic strain,
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which can be computed through
(δεvp)i = ∆t (ε˙vp)i (4.12)
in which ∆t is the pseudo-time step and (ε˙vp)i is the visco-plastic strain rate (Smith and
Griffiths, 1997). It should be noted that the visco-plastic strains used in the “initial strain”
method are not the actual physical visco-plastic strains, but an artifice of the iterative algo-
rithm for non-linear system of equations, and that ∆Fi and ∆Gi are corrective nodal forces
associated with the visco-plastic strain (δεvp)i.
The pseudo-time step for unconditional numerical stability was derived by Cormeau
(1975) and depends on the assumed failure criterion. For von-Mises materials:
∆t =
4 (1 + ν)
3E
(4.13)
where E is the Young’s modulus and ν is the Poisson’s ratio. For Mohr-Coulomb materials:
∆t =
4 (1 + ν) (1− 2ν)
E
(
1− 2ν + sin2 φ) (4.14)
where E is the Young’s modulus, ν is the Poisson’s ratio and φ is the friction angle. For
Tresca materials, Eq. (4.14) with φ = 0 is used.





where f and g are respectively the yield function and the potential function of the current
material, and σ is the stress vector (Smith and Griffiths, 1997).
In Eq. (4.9), ∆ε˜ien can be eliminated by using static condensation:
(
Ku − ΓuH−1u ΓTu
)
∆u˜i = ∆fi +
(










The nodal displacement increment ∆u˜i can be obtained by using Eq. (4.16). However, ∆ε˜ien
should also be calculated by using Eq. (4.17) because it will be used to calculate the increment
of enhanced strain ∆εien. In the EAS method, the total strain increment is composed of two
parts: the “compatible” part Bu˜i and the enhanced part ∆εien:
∆εi = B∆u˜i +∆εien = B∆u˜
i +Nεen∆ε˜ien (4.18)
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At any Gauss point of an element, given the current stress state, the increment of total
strain ∆εi, and the constitutive relationship adopted, we can obtain (δεvp)(i+1). Thereafter,
∆Fi+1 and ∆Gi+1 can be obtained by using Eqs. (4.10) and (4.11). The (i+ 1)th iteration
begins.
The above iteration will be repeated until
‖ ∆u˜i+1 −∆u˜i ‖
‖ ∆u˜i+1 ‖ < TOL (4.19)
is satisfied, where TOL is a prescribed tolerance.
“Initial stress” method
Due to its simplicity and efficiency, the “initial strain” approach has been widely used. How-
ever, this approach has some limitations for geotechnical analysis. For example, the “initial
strain” algorithm relies on the fact that for each increment the elastic parameters remain con-
stant. This algorithm cannot accommodate elastic parameters that vary during the increment
because it cannot determine the true elastic stress changes associated with the incremental
elastic strains (Potts and Zdravkovic´, 1999). Therefore, in the following, we present the
more widely used “initial stress” algorithm for the EAS method for elasto-plastic undrained
geotechnical problems.
Similar to the “initial strain” algorithm, for per load/displacement increment, we begin
with ith iteration. The system of equations at the element level can also be expressed as Eq.


















where i = 1, 2, 3, · · · , ∆F1 = 0, ∆G1 = 0, Dip is the plastic matrix, and (∆ε)i is the increment
of strains.
Given ∆Fi and ∆Gi, by using Eqs. (4.16) and (4.17), we can obtain ∆u˜i and ∆ε˜ien.
Thereafter, we can obtain the total strain increment ∆εi by using Eq. (4.18). After that,
given the current stress state, the increment of total strain, and the constitutive relationship
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adopted, we can obtain the plastic matrix Dip at any Gauss point. After D
i
p is determined,
∆Fi+1 and ∆Gi+1 can be obtained by using Eqs. (4.20) and (4.21). Then (i+ 1)th can
begin. The above procedures have to be repeated until the convergence criterion is satisfied.
Eq. (4.19) can also be adopted here as the convergence criterion.
In the present study, for all the numerical integrations in both the “initial strain” algo-
rithm and the “initial stress” algorithm, four Gauss points per 4-noded quadrilateral element
are used for both plane strain and axisymmetric problems.
4.2.4 Numerical examples
In the following, the load-deflection response up to the collapse load for a smooth rigid strip
footing and a smooth rigid circular footing on a deep undrained cohesive soil layer will be
analyzed using the EAS finite element method presented in the above sections. In addition,
the results from the conventional 4-noded displacement-based quadrilateral finite element
with exact integration, the 4-noded quadrilateral finite element with selective integration
(Hughes, 1980), and the 4-noded quadrilateral finite element proposed by Nagtegaal et al.
(1974) will also be presented to compare with those from the present EAS method. The
“initial strain” method will be used to solve the non-linear system of equations for all the
finite elements used here.
The soil is assumed to be weightless and satisfy the Tresca yield criterion. The soil
parameters used here are summarized as follows:
G/cu = 100
ν = 0.495
φu = ψu = 0
γ = 0
where G is the shear modulus, cu is the undrained cohesion, ν is the Poisson’s ratio, φu is
the friction angle, ψu is the dilation angle, and γ is the unit weight of the soil.
The three meshes adopted for both the plane strain and the axisymmetric footing prob-
lems are shown in Figure 4.1, where mesh 1 consists of 36 elements and 77 degrees of freedom,
mesh 2 consists of 81 elements and 170 degrees of freedom, and mesh 3 consists of 289 elements
and 594 degrees of freedom.
For smooth rigid surface strip footing, the theoretical collapse bearing pressure derived
by Prandtl (1920) is 5.14cu. The present EAS finite element results corresponding to the
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three meshes in Figure 4.1 are shown in Figure 4.2. It is observed that the result given by
the fine mesh 3 agrees with the exact solution of Prandtl to within 4 per cent. Therefore, we
may conclude that, by using the present EAS method, the collapse loads of undrained plane
strain problems can be determined accurately. The results from the conventional 4-noded
displacement-based quadrilateral element with exact integration, the 4-noded quadrilateral
element with selective integration (Hughes, 1980), and the 4-noded quadrilateral element
proposed by Nagtegaal et al. (1974) are also presented in Figure 4.2. It is found that the
conventional 4-noded displacement-based quadrilateral element is incapable of accurate pre-
dictions, even when a very fine mesh is used. This agrees with the conclusion obtained by Toh
(1978). Both the 4-noded quadrilateral element with selective integration and the 4-noded
quadrilateral element proposed by Nagtegaal et al. (1974) are capable of giving slightly less
accurate results compared to those from the present EAS method.
The performance of the conventional displacement-based elements with exact integra-
tion for both undrained plane strain and axisymmetric problems has been extensively stud-
ied. Sloan and Randolph (1982) concluded that provided a sufficiently refined mesh is used,
linear strain triangles, quadratic strain triangles, cubic strain triangles, 8-noded quadrilat-
erals and 12-noded quadrilaterals are capable of estimating the true limit loads adequately
for undrained plane strain conditions. For instance, the linear strain triangles and 8-noded
quadrilaterals overestimate the collapse load by some 7 per cent.
The theoretical collapse bearing pressure of a smooth rigid surface circular footing on a
Tresca-type soil derived by Shield (1955) is 5.69cu. The present EAS finite element results
using 4-noded quadrilateral elements given by the three meshes in Figure 4.1 are shown
in Figure 4.3. It is observed that with a fine mesh (mesh 3), the collapse load can be
predicted and overestimates the Shield limit load by some 7 per cent. The results from the
conventional 4-noded displacement-based quadrilateral elements with exact integration, the
4-noded quadrilateral element with selective integration (Hughes, 1980), and the 4-noded
quadrilateral element proposed by Nagtegaal et al. (1974) are also presented in Figure 4.3. It
is observed that the conventional 4-noded displacement-based quadrilateral element is unable
to predict the collapse load. As to the 4-noded quadrilateral element with selective integration
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(Hughes, 1980), and the 4-noded quadrilateral element proposed by Nagtegaal et al. (1974),
they yield results which are similar to those from the present EAS method.
Sloan and Randolph (1982) concluded that except for the cubic strain triangles, which
give a collapse load to within 4 per cent of the theoretical value, all the other displacement-
based elements with exact integration are incapable of estimating the limit loads accurately
for axisymmetric configurations.
From the above surface footing problems, it is found that the 4-noded quadrilateral el-
ement proposed by Nagtegaal et al. (1974), the 4-noded quadrilateral element with selective
integration (Hughes, 1980) and the present EAS element are capable of accurately predicting
the collapse loads for both plane strain and axisymmetric undrained geotechnical problems.
However, the major shortcoming of the 4-noded quadrilateral element proposed by Nagtegaal
et al. (1974) is that it can be employed only for non-dilatational materials (Sloan and Ran-
dolph, 1982), and for the 4-noded quadrilateral element with selective integration, an explicit
segregation of the volumetrically stiff contribution and the contribution from the remaining
terms to the matrix equations is not always apparent in general anistropic and/or nonlinear
situations (Hughes, 1980). The present EAS element can be easily extended to nonlinear
problems of soil consolidation, in which 4-noded quadrilateral elements are used for both
solid displacements and pore fluid pressures, the oscillation of pore pressures can be avoided
even in the undrained condition (refer to Chapter 3), whereas it has not been demonstrated
that whether the 4-noded quadrilateral element with selective integration is appropriate for
nonlinear consolidation problems.
4.3 Enhanced Element for Elasto-Plastic Consolidation Prob-
lems
In Section 4.2 of this chapter, we have extended the enhanced assumed strain (EAS) method
originally proposed for elastic solid problems to elasto-plastic undrained geotechnical prob-
lems. In this section, the enhanced finite element method developed for the elastic soil
consolidation problems in Chapter 3 will be extended to elasto-plastic consolidation prob-
lems. The modified Cam clay model will be used in the enhanced finite element method in
Chapter 7. Since the “initial strain” algorithm has several shortcomings as mentioned in the
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last section when using the modified Cam clay, we would use the “initial stress” algorithm
to solve the nonlinear system of equations in the following implementation procedures.
4.3.1 “Initial stress” algorithm for consolidation problems
In nonlinear finite element methods, where it is essential to be able to apply loads incremen-
tally, usually the the incremental form of principle variables should be used. Thereafter, at
the element level, from Eqs. (3.27)–(3.32) in Chapter 3, we can obtain:
ΓTu∆u˜+Hu∆ε˜en +Q
T∆p˜ = 0 (4.22)
Ku∆u˜+ Γu∆ε˜en +CT∆p˜ = ∆f (4.23)
C∆u˜+Q∆ε˜en +
(−s∆tKp + ΓpH−1p ΓTp )∆p˜ = ∆tKpp˜ (tn−1) (4.24)
where ∆u˜, ∆p˜ and ∆ε˜en are incremental vectors of nodal displacement, nodal excess pore
pressure and the local element parameters of the enhanced strains, respectively, and the other
notations are the same as those in Eq. (3.38) of Chapter 3.
In the following, we will address the key steps of the “initial stress” algorithm to solve
the nonlinear system of equations. For per load/displacement increment, we begin with ith
iteration. The system of equations at the element level can be written as ΓTu Hu QTKu Γu CT



































where i = 1, 2, 3, · · · , ∆F1 = 0, ∆G1 = 0, Dip is the plastic matrix, and (∆ε)i is the increment
of strains.
In Eq. (4.25), eliminating ∆ε˜ien by using static condensation, yields[
Ku − ΓuH−1u ΓTu CT − ΓuH−1u QT
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∆Gi − ΓTu∆u˜i −QT∆p˜i
)
(4.29)
The total strain increment can be obtained by
∆εi = B∆u˜i +Nεen∆ε˜ien (4.30)
At any Gauss point of an element, given the current stress state, the increment of to-
tal strain ∆εi, and the constitutive relationship adopted, we can obtain the plastic stress
(Dp∆ε)
i, with which, ∆Fi+1 and ∆Gi+1 can be obtained. Then (i+ 1)th can begin. Eq.
(4.19) can also be employed here as the convergence criterion.
In the present enhanced elements for the elasto-plastic consolidation problems, Eqs. (4.5)
and (4.6) are still used as the interpolative functions of the enhanced assumed strain respec-
tively for plane strain problems and axisymmetric problems, which can avoid the oscillation
of the excess pore pressures when approaching the undrained limit.
4.3.2 Numerical examples
In the following, some numerical examples are presented to demonstrate the capability and
performance of the present enhanced elasto-plastic consolidation elements.
Triaxial tests
For an ideal triaxial test, the modified Cam-clay model is chosen and the following soil
properties are used (Sheng et al., 2000):
M = 1.2 λ = 0.2 κ = 0.02
ν = 0.3 p′0 = 60 k = 10−8
where M is the slope of the critical state line in a p′ − q diagram, λ the slope of the normal
compression line in a ln p′ − v diagram, κ the slope of an unloading-reloading line in a
ln p′ − v diagram, ν the Poisson’s ratio, p′0 the isotropic preconsolidation pressure, k the soil
permeability, p′ the effective mean stress, q the deviatoric stress, and v the specific volume.
The units of the above soil parameters are consistent.
A quarter of the cylindrical specimen of 0.5 unit in diameter and 1.0 unit in length is
discretized into only one 4-noded axisymmetric element. Two types of initial conditions are
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considered, which respecitively represent a lightly overconsolidated clay with an overconsoli-
dation ratio of 1.2 (designated as NCC) and a heavily overconsolidated clay with an overcon-
solidation ratio of 6 (designated as OCC). For the initial condition of NCC, σ′r0 = σ′a0 = 50,
e0 = 1.50; whereas for the initial condition of OCC, σ′r0 = σ′a0 = 10, e0 = 1.53, where σ′r0 and
σ′a0 respectively denote the initial radial and axial stresses, and e0 denotes the initial void
ratio. The radial stress is kept constant while a prescribed axial strain is imposed, as in a
conventional triaxial compression test.
The undrained and drained compressions of the above soils in triaxial tests are simulated
by the present axisymmetric enhanced consolidation elements. In the undrained and drained
analysis, the time steps are respectively set to be 10−2 and 108, which can guarantee a
uniform excess pore pressure in the undrained specimen and no excess pore pressure in the
drained specimen. The finite element results are presented in Figure 4.4. From Figure 4.4,
it is found that the present enhanced elements can accurately predict the variations of the
mean effective stress, deviatoric stress and specific volume for both undrained and drained,
and both normally consolidated and overconsolidated clays in triaxial tests.
Cylindrical cavity expansion
The analytical solutions for undrained cylindrical and spherical expansions in soils modeled
by original and modified Cam-clay have been derived by Collins and Yu (1996). These results
provide a benchmark for verifying finite element predictions. In the following, the analytical
result for the undrained expansion of a cylindrical cavity modeled by the modified Cam-
clay model is used to verify the present enhanced finite element method for consolidation
problems.
The analytical solutions obtained by Collins and Yu (1996) are for cavity expansion in
an infinite soil medium. In the present finite element analysis, a finite outer radius, equal
to 20 times the initial cavity radius, is used. The total radial pressure at the boundary of
the cylinder is kept constant while the total radial pressure at the cavity wall is increased
until the cavity is expanded by 50% (to a radius of 1.5a0). The finite element mesh and the
boundary conditions are shown in Figure 4.5.
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The soil parameters used for the modified Cam-clay are as follows (Sheng et al., 2000):
M = 0.888, λ = 0.161, κ = 0.062, N = 2.828, ν = 0.3
where N is the specific volume at unit mean effective stress on the normal compression line,
the other notations are the same as those in the last numerical example. The initial stresses
in the soil are assumed to be σ′z0 = σ′r0 = σ′θ0 = 170.8kPa, and the initial preconsolidation
pressure p′0 = 170.8kPa, i.e. initially, the overconsolidation ratio OCR = 1.0. According to
the above parameters for the modified Cam-clay model, the undrained shear strength can




. Another soil parameter is the permeability k. Here k and the step time are
respectively set to be 10−8m/s and 10−2s, which can ensure the undrained assumption.
The results from the enhanced finite element method and from the analytical solution by
Collins and Yu (1996) are shown in Figure 4.6. The total radial stress and excess pore pressure
predictions at the cavity wall compare well with the analytical values. The distribution of
the effective stresses and excess pore pressure at the maximum cavity expansion obtained
from the present finite element method are also presented in Figure 4.7. From Figure 4.6, it
is noted that the difference between the total radial stress and the excess pore pressure, i.e.
the effective radial stress, becomes constant after a certain deformation. From Figure 4.7, it
is observed that near the cavity wall, the effective stresses remain largely unchanged. Away
from the wall, the effective radial stress exhibits a peak value at about r/a0 = 6.0 and the
effective axial and circumferential stresses increase gradually to their initial values.
4.4 Concluding Remarks
Sloan and Randolph (1982) have reported that many low-order displacement-based finite el-
ements with exact integration are incapable of estimating the collapse loads for undrained
geotechnical problems accurately, especially under axisymmetric conditions. In this chapter,
the enhanced assumed strain (EAS) element with exact integration proposed by Simo and
Rifai (1990) for elasticity problems has been extended to plasticity problems and is applied
to estimate the collapse loads for undrained geotechnical problems. The collapse loads for
the well-known problem of a smooth rigid footing on a deep purely cohesive undrained soil
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layer are analyzed by the present EAS elements, the conventional 4-noded displacement-based
quadrilateral elements with exact integration, the 4-noded quadrilateral elements with selec-
tive integration (Hughes, 1980), and the 4-noded quadrilateral elements proposed by Nagte-
gaal et al. (1974). It is demonstrated that except for the conventional 4-noded displacement-
based quadrilateral elements with exact integration, the other three types of elements are
capable of estimating collapse loads accurately for both undrained plane strain and axisym-
metric problems. However, the 4-noded quadrilateral elements with selective integration
(Hughes, 1980) and the 4-noded quadrilateral elements proposed by Nagtegaal et al. (1974)
have certain disadvantages as discussed above. The present EAS elements can be easily
extended to nonlinear consolidation problems and is perhaps more versatile.
Guided by the fact that the EAS elements perform well in the elasto-plastic undrained
geotechnical problems, the enhanced finite element method developed for linear elastic con-
solidation problems in Chapter 3 has been extended to elasto-plastic consolidation prob-
lems. The capability and performance of the nonlinear enhanced consolidation elements were
demonstrated through two numerical examples, i.e. the undrained and drained triaxial tests
and the undrained cylindrical cavity expansion, in which the modified Cam-clay model for
the soil was adopted.
The accuracy and efficiency of the enhanced finite element method for both the linear
elastic and the elasto-plastic consolidation problems have been demonstrated in Chapters 3
and 4, respectively. Thereafter, the axisymmetric enhanced finite element method for the
linear elastic consolidation problems will be used in Chapters 5 and 6 and the axisymmetric
















Figure 4.1: Three finite element meshes for both strip and circular footing problems, where
B is the half width of footing.
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Nagtegaal et al. (1974)
Present EAS
(a) Results from mesh 1
























Nagtegaal et al. (1974)
Present EAS
(b) Results from mesh 2
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Nagtegaal et al. (1974)
Present EAS
(c) Results from mesh 3
Figure 4.2: Bearing capacity factor vs. normalized displacement computed for smooth rigid
surface strip footings.
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Present EAS
(b) Results from mesh 2
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Nagtegaal et al. (1974)
Present EAS
(c) Results from mesh 3
Figure 4.3: Bearing capacity factor vs. normalized displacement computed for smooth rigid
surface circular footings.
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(a) Axial strain vs. deviatoric stress















(b) Effective mean stress vs. deviatoric stress











(c) Axial strain vs. specific volume












(d) Effective mean stress vs. specific volume
Figure 4.4: Numerical results for triaxial tests by using enhanced finite element method
for elasto-plastic consolidation problems, where CU denotes the coupled undrained analysis,
CD the coupled drained analysis, NCC the lightly overconsolidated clay, OCC the heavily























Figure 4.5: Finite element mesh for undrained cylindrical cavity expansion.




















Figure 4.6: Total radial stress and excess pore pressure at the cavity wall in the modified
Cam-clay.




















Figure 4.7: Distributions of the effective stress and excess pore pressure in the soil after cavity
expansion in the modified Cam-clay.
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Chapter 5
Numerical Modelling of the
Breakout Process of a Disk at
Seabed Surface
5.1 Introduction
With the growing engineering activities in the offshore region, offshore engineers need to deal
with more and more extraction operations of objects (e.g. large caisson, gravity platform,
sunken ships) from the seabed surface. It has been recognized that the force needed to
extract an object from the sea bottom should be greater than the submerged weight of the
object itself and the time needed for the extraction process is related to this force. From
field experience, it is also known that this extraction is a very slow process until a critical
time when the object is broken loose suddenly (Foda, 1982; Mei et al., 1985; Sawicki and
Mierczyn´ski, 2003). This phenomenon is called breakout. The uplift force in excess of the
submerged weight of the object is usually called the breakout force and the time needed for
the breakout process is usually called the breakout time.
Liu (1969) proposed three possible mechanisms for the breakout of objects lying on
the seabed surface: (1) Soil shear failure – when the interior shear stress exceeds the yield
strength, fractures develop, leading to failure; (2) Soil tension failure – if the top layer of
the soil is fine clay, fluid saturation diminishes the cohesive strength of mud; (3) Failure of
adhesion between soil and the object, this is the dominant mechanism when the top soil is
quite stiff and the object surface is smooth (Mei et al., 1985).
In this chapter, we place emphasis on the numerical simulation for mechanism (3) pro-
posed by Liu (1969). However, the numerical model developed in this chapter should be able
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to handle mechanism (1) and (2) if an appropriate soil model is used.
To date, relatively few numerical methods are available to simulate the breakout process
of an object lying on the seabed surface. Sawicki and Mierczyn´ski (2003) suggested that the
whole breakout process can be separated into two stages. In the first stage, the object is
lying on the seabed surface and no gap exists between them, whereas in the second stage,
there is a tiny gap between the base of the object and the seabed surface. In Sawicki and
Mierczyn´ski (2003), a one-dimensional analytical model is proposed for the first stage of the
breakout process by using the mass balance equation for the pore fluid. Foda (1982) proposed
an analytical model for the second stage of the breakout process which takes into account
not only the porosity but also the elasticity of the seabed. In his theory, a boundary-layer
approximation of Mei and Foda (1981) was employed. The Mei and Foda (1981) theory
asserted that relative fluid-solid motion is appreciable in thin boundary layers near free
surfaces, where it is much easier for the fluid to squeeze into or out of the free surface; outside
the boundary layers, such relative motion is highly resisted and both the fluid and the solid
move together with essentially the same velocities. Despite the many approximations adopted
to simplify the problem, Foda’s theory is still rather complex. Mei et al. (1985) proposed an
alternative theory to simulate the second stage of the breakout process, in which the seabed
was assumed to be porous but rigid and the deformation of the soil skeleton was not taken
into account. In their theory, a boundary theory proposed by Beavers and Joseph (1967) and
verified by Saffman (1971) were employed and the fluid motion in the tiny gap between the
base of the object and the seabed surface was assumed to be the creeping flow. The theory
of Mei et al. (1985) was verified by their experiments.
Until now, no one has numerically or analytically dealt with the whole breakout process
of an object at the seabed surface. Furthermore, the existing models mentioned above are
based on ideal situations (simple soil properties of seabed, simple geometrical shape of object,
etc.). Therefore, in this chapter, a numerical model is developed to simulate the whole
breakout process of a disk lying on the seabed surface and it can also be extended for more
complex situations. In the present model, in addition to the concepts of the first stage and
the second stage (in the present study, we call them as no-gap stage and with-gap stage,
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respectively) proposed by Sawicki and Mierczyn´ski (2003), a transition stage is proposed
to link these two stages since usually the base of the disk is not separated from the seabed
surface simultaneously. Hence, in the numerical model developed in this chapter, the breakout
process is assumed to be composed of three stages in sequence: no-gap stage, transition stage
and with-gap stage. The no-gap stage is defined from the time when the uplift force is applied
on the disk to the time when the disk begins to be separated from the seabed surface. The
transition stage is defined from the time when the disk begins to be separated from the
seabed surface to the time when the disk is completely separated from the seabed surface.
And the with-gap stage is defined from the time when the disk is completely separated from
the seabed surface to the time when the disk is lifted up. The diagrams for these three stages
are shown in Figures 5.1 ∼ 5.3. In the present numerical model, the seabed is assumed to be
porous and linear elastic and governed by Biot’s theory (Biot, 1941, 1955, 1956). The disk is
assumed to be rigid. The rate of lifting up the disk is slow such that the inertial force of the
disk can be neglected. It will be shown that one of the merits of the present numerical model
is that, for the whole breakout process, we only need to solve a seabed consolidation problem
but not a coupled disk-fluid-seabed interaction problem by converting the interaction into
the boundary conditions at the seabed surface.
In this chapter, firstly, the numerical models for the no-gap stage and the with-gap stage
of the disk problem are developed and verified, respectively. Thereafter, in the transition
stage, these two numerical models can be used directly. Finally, the numerical models for
the no-gap stage, transition stage and with-gap stage are combined together to simulate the
whole breakout process of a disk on the seabed surface. The model developed for the disk
problem in this chapter will be extended to simulate the breakout process of spudcan footing
partially embedded in the seabed in Chapter 6.
5.2 Numerical Model for No-gap Stage of the Breakout Pro-
cess
In this work, the no-gap stage is defined from the time when the uplift force is applied on the
disk to the time when the disk begins to be separated from the seabed surface and it is the
first stage of the three stages assumed in the whole breakout process. A diagram of the no-
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gap stage problem is shown in Figure 5.1, where a disk is lying on the seabed surface. There
is no gap between the base of the disk and the seabed surface. As pointed out by Sawicki
and Mierczyn´ski (2003), in the no-gap stage, the subsoil under the disk is in an unloading
process when an uplift force is applied to the disk. As a result, suction (negative pore fluid
pressure) is generated in the subsoil and at the interface between the base of the disk and
the seabed surface. In this section, a numerical model is developed and then verified for the
no-gap stage.
5.2.1 Governing equation for elastic porous seabed
Biot’s consolidation equation (Biot, 1941, 1955, 1956) is generally accepted as the governing
equation for flow of compressible or incompressible pore fluid in compressible pore media.






























where p is the pore pressure, kx, ky and kz are respectively the soil permeabilities in the x, y
and z directions, n is the soil porosity, γw is the unit weight of fluid, β is the compressibility











where u, v and w are the displacements of the soil skeleton in the x, y and z directions,
respectively.








where Kw denotes the bulk modulus of the pore fluid, Sr denotes the degree of saturation of
the soil, and Pw0 denotes the absolute pore pressure.
If it is assumed that the seabed is isotropic (kx = ky = kz) and fully saturated (Sr = 1)
in the whole breakout process of the disk, and pore fluid is incompressible (Kw →∞), Eq.
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In Biot’s theory, the equations governing the overall equilibrium of the elastic soil skeleton























in the x, y and z directions, respectively, where G is the shear modulus of the soil, ν is the
Poisson’s ratio of the soil, and the definitions of the other notations are the same as those in
Eqs. (5.1) and (5.2).
5.2.2 Derivation of Sawicki and Mierczyn´ski (2003) theory from Biot’s
theory
In the following, we will prove that the theory proposed by Sawicki and Mierczyn´ski (2003)
is only a special form of Biot’s theory.
Using Hooke’s law, the volumetric strain of the soil can be expressed as
ε = εxx + εyy + εzz = −





= −σ − p
K
(5.6)
where K is the bulk modulus of the soil skeleton, σ is the mean total stress and σ′ is the
mean effective stress.
















This equation is just the governing equation proposed by Sawicki and Mierczyn´ski (2003).
If the soil is assumed to be saturated and the pore fluid is assumed to be incompressible,










It should be noted that both the pore fluid pressures and solid skeleton stresses are
involved in Eq. (5.8). Only for very special situations, where
∂σ
∂t
can be determined before-
hand, Eq. (5.8) can be solved to obtain the pore pressures p. In most situations, Eq. (5.5)
should be used together with Eq. (5.8) to obtain the pore fluid pressures and solid skeleton
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stresses. Hence, the coupled Biot’s equations should be adopted as the governing equations
for the seabed. Therefore, it may be concluded that the theory proposed by Sawicki and
Mierczyn´ski (2003) is only a special form of Biot’s theory.
5.2.3 Finite element model for no-gap stage
In this work, the breakout problem of the disk is analyzed under the assumption of axial
symmetry. We also assume that the seabed is fully saturated during the breakout process.
The saturated soil is modeled using finite elements, taking into account the coupling between
the deformation of the solid skeleton and the motion of the pore fluid. The enhanced finite
element method for problems of elastic soil consolidation derived in Chapter 3 is used, in
which 4-noded axisymmetric elements are used for both the solid displacements and the pore
fluid pressures. The disk is assumed to be rigid and fully rough so that all the element nodes
at the interface between the disk and the seabed surface have the same vertical displacements
and zero horizontal displacements.
For a rigid disk on the seabed surface, the finite element analysis can be performed under
either load control or displacement control (Potts and Zdravkovic´, 1999). For load control,
it is necessary to tie the vertical displacements of the nodes at the interface between the disk
and the subsoil through letting the vertical displacements of these nodes to have the same
degree of freedom in the finite element model. This is to ensure that all these nodes move
vertically by the same amount. After the vertical displacements are tied, the load can be
applied as a uniform pressure over the area of the disk, or as a single point load at any node
at the interface. If displacement control is adopted, vertical displacements will be applied to
the element nodes at the interface directly. The pullout force can be calculated by summing
the vertical reactions of the nodes which are subjected to the prescribed displacements. In
the present finite element model for the no-gap stage, the load control method is adopted.
5.2.4 Comparisons between the present numerical model and Sawicki and
Mierczyn´ski (2003) theory
In this section, we will consider two simple problems provided in Sawicki and Mierczyn´ski
(2003); one is a one-dimensional problem and the other is a simplified axisymmetric problem,
to demonstrate that for the no-gap stage, the results from the present numerical model agree
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well with the analytical solutions given by Sawicki and Mierczyn´ski (2003).
One-dimensional problem
In Sawicki and Mierczyn´ski (2003), the following problem was considered: a heavy plate
lying on a layer of saturated soil, the depth, H, of which is small compared to the horizontal
dimensions of the object. The schematic diagram of this problem is shown in Figure 5.4. In
Sawicki and Mierczyn´ski (2003), this problem was simplified as a one-dimensional problem,
where only the vertical stress σz was taken into account. It is also assumed that the base
of the subsoil is permeable, which can be expressed as pz=H = 0 and the other boundaries
are impermeable, which can be expressed as (∂p/∂z)z=0 = 0. The application of the uplift
load is shown in Figure 5.5, in which the uplift load F (t) increases linearly with time until
its maximum value Fmax, and thereafter, the uplift force keeps unchanged, where tmax is the
time corresponding to Fmax, G′ is the submerged weight of the object and tG′ is the time
when the applied load is equal to G′.
In the numerical model, the finite element mesh used is shown in Figure 5.6 and the initial
and boundary conditions are the same as those used in Sawicki and Mierczyn´ski (2003). The
following data used in Sawicki and Mierczyn´ski (2003) are adopted here: K = 105kN/m2,
H = 1m, k = 4.0× 10−6m/s, and γw = 9.81kN/m3, where K is the bulk modulus of the soil
skeleton, H is the depth of the soil layer, k is the soil permeability and γw is the unit weight
of water. And let the slope a = Fmax/tmax = G′/tG′ = 1.0 in Figure 5.5. To simplify the
one-dimensional problem, Sawicki and Mierczyn´ski (2003) assumed that ∂σ′/∂t = ∂σ′z/∂t in
Eq. (5.7), where σ′ is the mean effective stress and σ′z is the vertical effective stress. However,
for linear elastic materials, this condition can only be satisfied exactly when the Poisson’s
ratio is equal to 0.5. Hence, in the present numerical model, we let the Poisson’s ratio ν be
equal to 0.495, which is close enough to 0.5, to match the above assumption.
A comparison between the results from the present numerical model and the results from
the analytical solution provided in Sawicki and Mierczyn´ski (2003) are shown in Figure 5.7,





/ (2kK) is the upper-bound estimation obtained from the series
solution for this problem in Sawicki and Mierczyn´ski (2003). From Figure 5.7, it is observed
that the numerical results agree well with the analytical solutions provided in Sawicki and
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Mierczyn´ski (2003) for this one-dimensional problem.
Simplified axisymmetric problem
Sawicki and Mierczyn´ski (2003) also provided an analytical solution for a simplified axisym-
metrical problem. In this problem, it was assumed that the shape of the extricated object was
a heavy, circular plate, characterized by a radius R. The plate rests on a saturated subsoil of
depth H, which is much smaller than the plate’s characteristic dimensions (H ¿ R). And it
was assumed that the bottom of the subsoil (at z = H) is impermeable. The schematic dia-
gram of this problem is shown in Figure 5.8. To simplify the pullout problem of the circular
plate, two assumptions were made in Sawicki and Mierczyn´ski (2003): one is that the pore
pressures are distributed uniformly in the vertical direction in the soil; the other is that the
pore pressures in the soil outside the range of the plate are zero.
The present numerical model is also used to solve this problem. The finite element
mesh used here is shown in Figure 5.9 and the initial and boundary conditions used here are
the same as those in Sawicki and Mierczyn´ski (2003). The following data used in Sawicki
and Mierczyn´ski (2003) is adopted: K = 105kN/m2, R = 1m, k = 4.0 × 10−6m/s, and
γw = 9.81kN/m3, where K is the bulk modulus of the soil skeleton, R is the radius of the disk,
k is the soil permeability and γw is the unit weight of water. The application of the uplift load
is the same as that in the above one-dimensional problem and a = Fmax/tmax = G′/tG′ = 1.0.
Based on the same reason stated previously for the one-dimensional problem, we let Poisson’s
ratio ν be 0.495. In addition, in the numerical model, we let the depth of the soil layer
be 0.05m, which is much smaller comparing to the radius of the disk, in order to match
the assumption by Sawicki and Mierczyn´ski (2003) that the pore pressures are distributed
uniformly in the vertical direction in the soil.
A comparison between the numerical results and the analytical solutions from Sawicki





bound estimation otained from the series solution for this problem in Sawicki and Mierczyn´ski
(2003). It seems that the numerical results agree well with the analytical solutions for this
simplified axisymmetric problem.
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5.2.5 Non-dimensional analysis for no-gap stage
In the following, the non-dimensional parameters for the no-gap stage are derived to facilitate
the parametric studies. The no-gap stage of the disk problem can be described as
fn
(
t, F,G′, R,H, k,E, ν, γw
)
= 0 (5.9)
where t is the time duration of the no-gap stage, F the uplift force applied on the disk, G′
the submerged weight of the disk, R the radius of the disk, H the depth of the permeable soil
from the seabed surface, k the permeability of the seabed, E and ν respectively the Young’s
modulus and the Poisson’s ratio of the seabed, and γw the unit weight of the fluid.
When applying the uplift force on the disk, firstly we let the uplift force increase from
zero to the value of G′, thereafter the uplift force increases to its final value F . Obviously,
the magnitudes of the negative pore pressure in the soil and at the base of the disk when
the uplift force increases from zero to G′ are related to the value of G′. Therefore, when
deriving the non-dimensional functional for the no-gap stage, both F and G′ should be
included as independent parameters and not the net uplift force F − G′. Using the well-




















where the number of the variables governing the no-gap stage has been reduced from nine to
six. Simplicity of the problem is thus achieved.



















where the variable on the left hand side denotes the non-dimensional time duration of the
no-gap stage, while the right hand side is governed by some non-dimensional parameters
which may influence the left hand side. Evidently, t should be inversely proportional to k in
the no-gap stage.






. Five cases are considered
here. The parameters used in these cases and the corresponding dimensionless parameters
are presented in Table 5.1 and Table 5.2, respectively. Among the dimensionless parameters,




is varied from case to case. According to Eq. (5.11), the possible variations of
kt
R
in these cases should be caused only by
R2E
G′
. The computational results are given in Table
5.3 and it is observed that
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5.2.6 Parametric study for no-gap stage
In the following, a parametric study will be performed to further examine the no-gap stage




= ∞ and ν = 0.25, 0.3 and 0.35 in Eq. (5.12) respectively, and using the






corresponding to some typical values of
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given the nine parameters in Eq. (5.9), we can utilize Figure 5.11 to find the time duration
of the no-gap stage for the disk problem.
5.2.7 Criterion for separation of disk from seabed surface
In the no-gap stage of the breakout process, we assume that the disk is in contact with the
subsoil. However, after the uplift force is applied to the disk and with the elapse of time, the
suction force at the base of the disk will decrease. As a consequence, the base of the disk will
be separated from the subsoil. However, the base of the disk may not be separated from the
seabed surface simultaneously so we cannot use the equilibrium equation of the disk in the
vertical direction to judge the separation. In the present numerical model, it is assumed that
a finite element node at the base of the disk is not separated from the subsoil until the vertical
effective force at this node is equal to zero. Only after the vertical effective stresses at all
nodes at the base of the disk are equal to zero, is the disk regarded as completely separated
from the subsoil. As mentioned earlier, in this work, the no-gap stage is defined from the
time when the uplift force is applied on the disk to the time when the base of the disk begins
to be separated from the subsoil, and the transition stage is defined from the time when the
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base of the disk begins to be separated to the time when the base of the disk is completely
separated from the seabed. Thereafter, the with-gap stage begins until the breakout occurs.
5.3 Numerical Model for With-gap Stage of the Breakout Pro-
cess
Previously, we have defined three stages: no-gap stage, transition stage and with-gap stage
which make up the whole breakout process in sequence. The with-gap stage begins from the
time when the disk is completely separated from the seabed surface to the time when the
breakout phenomenon occurs. A diagram of the with-gap stage of the disk problem is shown
in Figure 5.3. In the with-gap stage, there is a tiny gap between the base of the disk and
the seabed surface, and water is filled in the gap. During the uplift process, the width of
the tiny gap increases slowly, which allows water from outside the gap to flow in. Suction or
negative water pressures are generated in the gap. In the present problem, it is assumed that
the excess water pressures outside the gap are equal to zero as usual. It is the suction force
in the gap that makes the extraction process difficult.
The theories proposed by Foda (1982) and Mei et al. (1985) for the with-gap stage are
of some disadvantages as introduced in Section 5.1, meanwhile it is difficult to adapt them
to consider the influence of the no-gap stage and the transition stage to the with-gap stage.
Therefore, a new numerical model is developed in this section to simulate the with-gap stage
of a disk. Thereafter, the results from the numerical model for the with-gap stage will be
compared with those from a theory extended from Mei et al. (1985) theory for the with-gap
stage of the disk problem. In the present numerical model for the with-gap stage, we assume
that initially there is a tiny gap between the base of the disk and the seabed surface, and the
gap is filled with water. The initial width of the gap can be zero. The width of the gap at
the breakout will be discussed later. When we study the with-gap stage alone in this section,
the seabed is assumed to be stress free before the uplift force is applied. The influence of the
no-gap stage and the transition stage to the with-gap stage will be taken into account later
in this chapter when we simulate the whole breakout process.
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5.3.1 Governing equation for fluid motion in tiny gap
Firstly, we examine the fluid motion in the tiny gap between the base of the disk and the
seabed surface during the with-gap stage. The Reynolds number for the fluid motion in the





where ρf denotes the fluid density, v denotes the characteristic fluid speed (here we use
the horizontal velocity of the fluid in the radial direction in the gap), µ denotes the fluid
viscosity and H (t) denotes the width of the gap at time t. Mei et al. (1985) introduced a
non-dimensional variable (γw/µkL)
1/3H (t) for the with-gap stage of the long plate, where
γw is the unit weight of fluid, k is the permeability of the soil, L is the width of the long
plate, and the other notations are the same as those in Eq. (5.13). The results given in
Mei et al. (1985) indicated that for common problems, H (t) is very small compared to L
before the breakout occurs. For the present disk problem, we also surmise that H (t) is very
small compared to the radius of the disk R before the breakout phenomenon occurs and this
assumption will be verified later. By using Eq. (5.13), it can be easily estimated that the
Reynolds number of the fluid motion in the gap is much less than 1.0. According to classic
theorems of fluid dynamics, the inertia of the moving fluid in the tiny gap is insignificant
compared to the viscous force under this circumstance. Therefore, the fluid motion in the
tiny gap may be assumed as creeping flow.
Before the breakout phenomenon occurs, obviously we haveH (t) /R¿ 1. This condition
implies that the fluid flow in the tiny gap will be almost unidirectional (in the radial direction).
This means that the continuity equation requires that vz/vr ∝ H (t) /R, where vr and vz are
the fluid velocities in the radial and the vertical directions, respectively. Since vz is very
small, p is only related to variables r and t. As a result, the relative narrow gap will make
∂vr/∂vz the dominant viscous term and we only need to focus on the r component of Stokes’





∂2vr (r, z, t)
∂z2
(5.14)
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This equation will be adopted as the governing equation for the fluid motion in the tiny gap
when we derive the numerical model for the with-gap stage of the breakout process of a disk.
5.3.2 Derivation of the numerical model for the with-gap stage
It is assumed that at the initial level of the seabed surface below the disk, the vertical
coordinate z is zero. h (t) is used to denote the vertical displacement of the disk, δr (r, t) and
δz (r, t) are used to denote the radial and the vertical displacements of the seabed surface,
respectively. Obviously, both the directions of h (t) and δz (r, t) are upward.
Solving Eq. (5.14), we obtain





z2 +A (r, t) z +B (r, t) (5.15)
where A (r, t) and B (r, t) are arbitrary functions of r and t.
It is assumed that the no-slip condition is satisfied at the base of the disk. This no-slip
condition can be expressed as
vr = 0 at z = h (t) (5.16)
Substituting Eq. (5.16) into Eq. (5.15) to eliminate B (t), yields






z2 − h2 (t))+A (r, t) (z − h (t)) (5.17)















































In Eq. (5.17), letting z = δz(r, t), we obtain
A =
vr|z=δz(r,t)





(δz + h) (5.20)
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By using u+r , v
+
z to denote respectively the horizontal and vertical velocities of fluid
motion just above the seabed surface, and using p+ to denote the negative excess fluid























(h− δz)3 − dh
dt
(5.22)
Similarly, by using v−r , v−z to denote respectively the horizontal and vertical velocities
of fluid motion just below the seabed surface, and using p− to denote the excess pore fluid
pressure just below the seabed surface, Darcy’s law within the porous and linear elastic seabed














where vsr and v
s
z are respectively the velocities of soil skeleton in the radial and in the vertical
directions, and kr and kz are respectively the soil permeabilities in the radial and vertical
directions. It should be noted that here v−r and v−z are superficial velocities relative to
















z = vz p
+ = p− = p (5.24)
From now on, we let vr, vz and p be the variables at the seabed surface.





































is the fluid flux
from the seabed into the tiny gap.




p (r, t) rdr = −F (t) (5.26)
should be used, where F (t) is the uplift force applied on the disk, and “−” denotes the
upward direction of the uplift force.
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It is observed that in Eq. (5.25), except for p (r, t) and h (t) that we need to solve, there
still exist unknown δr (r, t), δz (r, t) and vf . The three unknown variables can be obtained by
using Biot’s consolidation theory if the initial conditions within the seabed and the boundary
conditions at the seabed surface are given. In this section, we concentrate on the with-gap
stage so that the seabed is simply assumed to be stress free prior to the with-gap stage. Later
when the whole breakout process is simulated, the stress in the seabed prior to the with-gap
stage is obtained automatically during the computation process. The negative fluid pressure
p (r, t) and the horizontal viscous shear stress τ (r, t) due to fluid flowing laterally into the
tiny gap are exerted on the seabed surface beneath the disk. As pointed out by Foda (1982),
it could be shown that the order of the magnitude of this surface shear stress τ is H/R times
the dynamic pressure stress p in the gap, where H is the width of the gap and R is the radius





where µ is the fluid viscosity. From Eq. (5.14) and Eq. (5.27), it can be shown that the
magnitudes of τ/H and p/R are of the same order. This also means that the magnitudes
of τ/p and H/R are of the same order. We have mentioned that usually there is H/R ¿ 1,
therefore the influence due to the viscous shear stress may be neglected compared with the
influence due to the dynamic fluid pressures to the seabed.
In the following, we will consider a limit situation of Eq. (5.25). If the seabed is assumed
to be both impermeable and rigid, we have kr → 0, kz → 0, δr (t)→ 0, δz (t)→ 0, and vf → 0.
















By assuming that the excess fluid pressure at the periphery of the gap is zero and utilizing
the axisymmetry of the disk, we may express the boundary conditions as
p (r = R, t) = 0
∂p (r = 0, t)
∂r
= 0 (5.29)
where R is the radius of the disk.
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By solving Eq. (5.28) subjected to the boundary conditions Eq. (5.29), we can obtain
the distribution of the negative fluid pressures in the gap:





R2 − r2) (5.30)
In Eq. (5.30), it is observed that if h (t) is equal to zero, dh (t) /dt should also be
zero because p (r, t) on the left hand side should be limited. This means that the disk is
impossible to be lifted up under the conditions that the initial width of the gap is equal to
zero, meanwhile the seabed is both impermeable and rigid. Of course, here the failure of the
seabed has not been taken into account. This conclusion agrees with the lubrication theory
(Batchelor, 1967).
5.3.3 Implementation of the present numerical model
The tiny gap between the disk and the subsoil can be equally discretized along the radial
direction. The length of each interval is denoted as ∆r. The first and second derivatives with
respect to r in Eq. (5.25) may be approximated by finite differences. For example, at grid i,


































− vf (ri, t) (5.31)
In Eq. (5.31), the finite difference method can also be used to approximate the first






















δr (ri−1, tj)− δ (ri−1, tj−1)
∆t
(5.35)
where ∆t is the step time.
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The methods to solve the present numerical model would be quite involved since in the
breakout process the fluid motion in the tiny gap and the consolidation of the seabed are
coupled. In the following we propose two numerical approaches to solve the present numerical
model.
Iterative scheme
For step j which corresponds to time tj ,
1. Firstly we assume a distribution p (r, tj) in the tiny gap;
2. By using p (r, tj) in the tiny gap as the boundary condition, we can obtain δz (r, tj),
δr (r, tj), vf (r, tj) by applying Biot’s consolidation theory to the seabed;
3. Substituting δz (r, tj), δr (r, tj), vf (r, tj) into Eq. (5.31), meanwhile using Eq. (5.36),
we can obtain new p (r, tj) and h (tj). The old p (r, tj) should be replaced by the new
one obtained in this step;
4. Go back to Step 2.
The above iterations will be repeated until ‖pnew − pold‖/‖pnew‖ < TOL is satisfied, where
pnew is the current p (r, t), pold is the last p (r, t) and TOL is a prescribed tolerance.
Direct scheme
Here we adopt the enhanced finite element method for Biot’s consolidation theory developed
in Chapter 3 for the seabed, in which the four-noded elements are used for both the solid
displacements and pore fluid pressures. It is observed that in Eq. (5.31), the fluid flux at
the seabed surface beneath the disk is expressed as a function of the solid displacements and
the pore fluid pressures of the seabed. Thus we may adopt the fluid flux instead of the pore
pressure adopted in the above iterative scheme as the fluid boundary condition at the seabed
surface beneath the disk.
The boundary conditions at the seabed surface of the present problem are described as
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the follows. At the seabed surface beneath the disk, from Eq. (5.31) we have
vf (ri, t) =
dh (t)
dt

































σ′z (r, t) = τrz (r, t) = 0 (5.38)
where σ′z and τrz are respectively the effective normal stress and shear stress at the seabed
surface beneath the disk. At the seabed surface outside the disk, we have
p (r, t) = σz (r, t) = τrz (r, t) = 0 (5.39)
where σz is the total normal stress.
In the present study, we would choose the direct scheme rather than the iterative scheme
based on the following considerations:
1. When using the direct scheme, we only need to concentrate on the seabed because
the interaction between the disk and the seabed has been dealt with as the boundary
conditions at the seabed surface beneath the disk. Therefore, the numerical model
using the direct scheme for the with-gap stage and the previously proposed numerical
model for the no-gap stage and transition stage are more consistent when simulating
the whole breakout process of the disk problem.
2. When using the iterative scheme, the fluid flux from the seabed into the tiny gap cannot
be calculated very accurately. The reason is that by the finite element method, only
pore fluid pressures at element nodes can be obtained directly, however the fluid flux is
related to the first derivative of pore pressures and usually the finite difference should
be used to replace the first derivative. But when using the direct scheme, there is no
such problem.
When using the direct scheme for the with-gap stage of the disk problem, the boundary
conditions in Eq. (5.39) can be easily implemented in the enhanced finite element consolida-
tion computer program as usual. However, the implementation of the boundary conditions
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in Eqs. (5.37) and (5.38) is not so direct. In Eq. (5.37), the fluid flux vf is expressed by
the unknown solid displacements and unknown pore fluid pressures. Therefore, except the
upward velocity of the disk, all the terms on the right hand side of Eq. (5.37) should be
moved to the left hand side of the global equation system. For the boundary conditions that
the normal effective stresses at the seabed beneath the disk are equal to zero in Eq. (5.38),
we can utilize the relationship that the inner nodal force contributed by the pore pressures
is equal to the external total nodal force. As a result, these terms should also be moved to
the left hand side of the global equation system.
It should be noted that after those terms originally on the right hand side of the global
equation system are moved to the left hand side of the global equation system, the original
symmetric global “stiffness” matrix will become unsymmetrical. Therefore, in the present
study, the unsymmetrical solver provided in Smith and Griffiths (1997) is used to solve the
unsymmetrical linear equation system.
5.3.4 Extension theory of Mei et al. (1985)
Mei et al. (1985) proposed a theory to simulate the with-gap stage of the long plate problem,
in which the seabed was treated as being porous but rigid. In this section, to compare the
present numerical model derived above to Mei et al. (1985) theory, we extend Mei et al.
(1985) model originally derived for the long plate problem to the axisymmetric disk problem
by using the similar procedures in Mei et al. (1985).
Following Mei et al. (1985), it is also assumed that the bottom of the disk and the top of
the seabed are flat and the fluid motion in the tiny gap is creeping flow. Thus the horizontal
velocity within the gap is





z2 +A (r, t) z +B (r, t) (5.40)
where A (r, t) and B (r, t) are arbitrary functions of r and t.
In the porous seabed, the fluid is assumed to be incompressible and the fluid flow obeys
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where v−r and v−z are the seepage velocities in the radial and the vertical directions in the
seabed, φ the pore pressure, ψ the stream function, µ the fluid viscosity and K the absolute
permeability of soil. The absolute permeability K is related to the conventional permeability
k as k =
γw
µ
K, where γw is the unit weight of fluid. The unit of K is m2 and the unit of k
is m/s.
At the moving bottom of the disk, no slipping is allowed:
vr = 0 at z = h (t) (5.42)
Following Mei et al. (1985), at the seabed surface within the gap, a boundary condi-







where α is an empirical constant depending on the structure of the porous material, but is
largely independent of viscosity.
Using Eq. (5.42) and Eq. (5.43) in Eq. (5.40), yields












By integrating Eq. (5.18) from z = 0 to z = h (t), and using Eq. (5.44), we get
dh
dt
= v−r (r, z = 0, t)−
h3
2µ





















For the present disk problem, we define ψ (r = 0, z = 0, t) = 0. By integrating Eq. (5.45)







ψ (r, z = 0, t)− h
3
2µ
























Outside the gap, the dynamic pressure in the fluid above the seabed may be assumed to
be zero. Thus we have
p = φ = 0, if | r |≥ R and z = 0 (5.47)
Since φ and ψ are harmonic conjugates, by using Cauchy’s formula, yields





φ (r′, z = 0, t)
r′ − r dr
′ (5.48)
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Eq. (5.49) should be used together with the equilibrium equation Eq. (5.26) for the
with-gap stage of the disk problem.
In the following, the numerical method used to solve Eq. (5.49) and Eq. (5.26) will be
discussed. The seabed beneath the disk is equally discretized in the radial direction. In Eq.
(5.49), at the computational point r = ri, we have∫ R
−R
p (r′, t)
































where for terms (1), (2) and (4), conventional numerical integral methods can be used; while
term (3), which belongs to the Cauchy principal value integral, can be obtained analytically:∫ ri+1
ri−1
p (r′, t)
r′ − r dr
′ = p (ri+1, t)− p (ri−1, t) (5.51)

























where term (5) can be approximated by first-order finite difference; while term (6) can be
calculated by usual numerical integral methods.
5.3.5 Non-dimensional analysis for with-gap stage
The non-dimensional parameters for the with-gap stage are derived below to facilitate the
comparison between the present numerical model and the extension theory of Mei et al.
(1985) and the parametric studies. The with-gap stage of the disk problem can be described
as the following functional:
fw
(
t, F,G′, R,H, k,E, ν, γw, µ
)
= 0 (5.53)
where t is the time duration of the with-gap stage, µ is the viscosity of the fluid, and the
other notations are the same as those in Eq. (5.9).
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It should be noted that the width of the gap is not included in Eq. (5.53) since we
assume the initial width of the gap is zero when the with-gap stage is studied alone in this
section. However, when we simulate the whole breakout process, the initial width of the
gap in the with-gap stage can be obtained naturally in the computation process after the
transition stage finishes. In the breakout process, our main concern is the breakout time.
Since the displacement of the disk rises sharply when the breakout is approached, in view of
the long time elapsed, different definitions of breakout would only lead to minor differences.
In the no-gap stage studied in the last section, the disk is in contact with the subsoil.
Resulting from the fact that in the no-gap stage, the negative pore pressure generated in the
soil and at the base of the disk are related to not only F −G′ but also G′ when applying the
uplift force F on the disk, both F and G′ have to be employed as independent parameters
when deriving the non-dimensional function for the no-gap stage. However, in the with-gap
stage, the disk is not in contact with the subsoil and F ′ = F − G′ can be employed as an
independent parameter to replace F and G′ in Eq. (5.53), where F ′ is the uplift force excess
of the submerged weight of the disk.
Based on the above discussion and using the well-known Buckingham Pi theory, Eq.




















where the number of the variables governing this problem has been reduced from ten to seven.
Simplicity of the problem is thus achieved.
Moving the normalized time
γwRt
µ



















where the variable on the left hand side denotes the non-dimensional time needed for the
breakout in the with-gap stage, while the right hand side is governed by some non-dimensional
factors which may influence the left hand side.



















5.3: Numerical Model for With-gap Stage of the Breakout Process 129
where the non-dimensional time on the left hand side is the same as that in Eq. (5.11) for the
no-gap stage. Therefore, we can use Eq. (5.11) and Eq. (5.56) to compare the time durations
of the no-gap stage and the with-gap stage. However, because the soil permeability k, which
is an important factor in the with-gap stage, appears on both the left hand side and the right
hand side in Eq. (5.56), we prefer to use Eq. (5.55) when we study the with-gap stage alone
in this section.
In the following, we will analyze the sensitivity of
γwRt
µ




and the Poisson’s ratio of the soil ν in Eq. (5.55). In this chapter, it is
assumed that the seabed is porous elastic and the failure of the soil is not considered. In
practice , this phenomenon only occurs when the top soil of the seabed is strong enough and
the unit net pullout force is not very large. According to Liu (1969), during the breakout
process, the typical net uplift force per unit contact area is approximately 10kN/m2, which
is far less than the shear modulus of the typical firm soil
(
104kPa ∼ 105kPa). Under the
conditions that ν = 0.3 and H/R =∞, and using the present numerical model for the with-
gap stage, we obtain the effect of the Young’s modulus of the seabed on the time duration
of the the with-gap stage in Figure 5.13. From Figure 5.13, it can be observed that for the
with-gap stage problem, usually the Young’s modulus of the seabed does not affect the time
duration of the with-gap stage significantly when the seabed is stiff and not very large unit
uplift force are involved. This is opposite to the no-gap stage, where it is found that the time
duration is nearly inversely proportional to the Young’s modulus of the seabed. Based on






























which will be used later to compare the time durations between the no-gap stage and the
with-gap stage.
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5.3.6 Comparisons between the present numerical model and the extension
theory of Mei et al. (1985)
The theory proposed by Mei et al. (1985) for the long plate problem has been verified by
their experiments. Therefore, in the following we will compare the present numerical model
for the with-gap stage with the extension theory of Mei et al. (1985) derived in Subsection
5.3.4 of this chapter for the disk problem.
Previously it has been shown that in the with-gap stage,
γwRt
µ
is not sensitive to
E
γwR
and ν. Therefore, here we arbitrary let
E
γwR
= 105 and ν = 0.3 in the present numerical
model. And we also let
H
R
= 10, which can ensure the permeable soil layer is deep enough
such that the bottom boundary will not influence the breakout process. In the extension
theory of Mei et al. (1985), the parameter α is an empirical constant depending on the
structure of the porous material, but is largely independent of viscosity (Mei et al., 1985).
Mei et al. (1985) estimated that for very fine sand (k = 10−5 m/s), α is about 0.001 and for
coarse sand (k = 10−2m/s), α is about 0.1. For clay, the permeability can be about 10−9m/s,
the α value should be much lower than that of sand. Based on the above estimation by Mei
et al. (1985), for soils with k = 10−4m/s, 10−6m/s and 10−9m/s, we estimate that α are in
the ranges of [0.001, 0.01], [0, 0.005] and [0, 0.002], respectively.
The comparison results of the time duration of the with-gap stage are shown in Tables 5.4
∼ 5.7 corresponding to µk
γwR2
= 10−10, 10−12, 10−14 and 10−16, respectively. In the extension
theory of Mei et al. (1985), for each soil permeability, we give two results corresponding to
the lower bound and upper bound values of α, respectively. The results corresponding to the
real value of α should be in-between the two results corresponding to the boundary values
of α. According to the results presented in these tables, it may be concluded that no matter
what value of the soil permeability is adopted, the present numerical model is in agreement
with the extension theory of Mei et al. (1985) for the time duration of the with-gap stage.
The comparison results of the relationship between the displacement of the disk and the
time are shown in Figure 5.14, where the horizontal axis represents the normalized time and
the vertical axis represents the ratio of the vertical displacement of the disk d to the radius
of the disk R. As the same as the previous comparisons for the time duration of the with-gap
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stage, here for each soil permeability, we still give two results corresponding to the low-bound
and up-bound values of α, respectively, in the extension theory of Mei et al. (1985). The
result corresponding to the real value of α should be in-between the two results corresponding
to the boundary values of α. From Figure 5.14, it can be observed that initially the pullout
velocity of the disk from the present numerical model is slightly higher than those from the
extension theory of Mei et al. (1985), however, the time duration for the with-gap stage
obtained by these two methods agree well no matter what value of the soil permeability is
used.
From Figure 5.14, it is found that when
µk
γwR2
= 10−12, d/R ' 4 × 10−4, and when
µk
γwR2
= 10−14, d/R ' 1 × 10−4, where R is the radius of the disk and d is the vertical
displacement of the disk when the breakout occurs. Since the displacement of the seabed
surface is upward during the breakout process, the width of the gap when the breakout
occurs should be less than d. Obviously, the width of the gap is very small compared to the
radius of the disk before breakout occurs, which verifies the assumptions made for estimation
of the Reynolds number of the fluid motion in the tiny gap according to Eq. (5.13). From
Figure 5.14, it is also found that the width of the gap at breakout will decrease with the
decrease of the soil permeability k. This conclusion agrees with Mei et al. (1985), where the
non-dimensional variable (γw/µkL)
1/3H (t) was introduced, L is the width of the long plate
and H (t) is the width of the tiny gap at the breakout.
5.3.7 Parametric study for with-gap stage




= ∞ and the initial width of the gap is infinitesimal. Using the present






corresponding to some typical values of
µk
γwR2
in Figure 5.15. From Figure 5.15, it is found
that the duration time of the with-gap stage is nearly inversely proportional to the applied
uplift force in excess of the submerged weight of the disk. In addition, the duration time of
the with-gap stage is nearly proportional to k−2/3, where k is the soil permeability. Figure
5.15 can be used to estimate the duration time of the with-gap stage for the disk problem.
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5.4 Transition Stage to Link No-gap Stage and With-gap
Stage
During the breakout process of the disk, the base of the disk may not be separated from the
seabed surface simultaneously after the no-gap stage finishes. This means that according to
our definitions of the no-gap stage and the with-gap stage, there is no transition between these
two stages. Therefore, in this study, we propose a transition stage to link the no-gap stage
and the with-gap stage. The diagram for the transition stage is shown in Figure 5.2. In the
transition stage, a part of the base of the disk is still in contact with the seabed surface, while
the other part of the base of the disk has been separated from the seabed surface. The no-gap
part and the with-gap part can be simulated by the numerical models previously developed
for the no-gap stage and the with-gap stage, respectively. The numerical procedures for the
transition stage will be described below and some numerical results about the time duration
of the transition stage will be given in the next section.
In each time step, assuming a velocity of the disk, we can obtain the total force acting
on the base of the disk in the numerical model. This force is the sum of the forces at the
no-gap part and at the with-gap part of the base of the disk. Through some iterations, finally
we can obtain the correct velocity of the disk by which the calculated force at the base of
the disk is very close to the applied uplift force on the disk. Thereafter, the next time step
begins.
After each time step, the effective forces on the finite element nodes located at the no-
gap part should be checked. If the effective force on a node is less than or equal to zero,
which means that this node has been separated from the seabed surface, this node should be
excluded out of the no-gap part and included into the with-gap part from the next time step
on. When all the finite element nodes at the base of the disk are separated from the seabed
surface, the transition stage finishes and subsequently the with-gap stage begins.
5.5 Numerical Model for Whole Breakout Process
The numerical models for the no-gap stage and the with-gap stage have been developed in
Sections 5.2 and 5.3, respectively. And the transition stage was proposed in Section 5.4 to
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link the no-gap stage and the with-gap stage. In this section, firstly we will describe how to
combine the numerical models previously developed to simulate the whole breakout process
of a disk lying on the seabed surface. Thereafter, the results from the numerical model for the
whole breakout process of the disk will be compared with some experimental results presented
in Sawicki and Mierczyn´ski (2003). Finally, some parametric studies will be performed to
give a better understanding of the breakout process of the disk lying on the seabed surface.
5.5.1 Numerical model for whole breakout process
The no-gap stage, transition stage and with-gap stage, which comprise the whole breakout
process, can be simulated naturally in the present numerical model. During the whole break-
out process, a consolidation problem for the seabed is solved using the enhanced finite element
method proposed in Chapter 3. In the computational process, the boundary conditions at
the seabed surface below the disk vary when transferring from one stage to the next stage.
In the following, some key notes of the numerical simulation will be addressed.
No-gap stage
In the no-gap stage, the base of the disk is always in contact with the subsoil. At the interface
between the disk and the subsoil, the “load control” method described in Subsection 5.2.3 is
adopted in the solid phase, whereas in the fluid phase, the disk is assumed to be impermeable.
After each time step, it is necessary to check whether the effective nodal force is less or equal
to zero, which indicates the separation of the node from the seabed surface. If any separation
is found, the no-gap stage finishes and the transition stage begins.
Transition stage
In the transition stage, a part of the base of the disk is in contact with the seabed surface while
the other part has been separated from the seabed surface. In any time step of the numerical
model, some iterations are necessary to obtain the unknown uplift velocity of the disk and
the iteration procedures adopted here are described below. Firstly we assume an initial value
of the uplift velocity of the disk. At the no-gap part, the “displacement control” method
described in Subsection 5.2.3 is used in the solid phase since the prescribed displacement is
equal to the assumed uplift velocity of the disk times the step interval, and the seabed surface
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is impermeable in the fluid phase; whereas at the with-gap part, Eq. (5.38) is used as the
boundary condition in the solid phase and Eq. (5.37) is used as the boundary condition in
the fluid phase which contains the assumed uplift velocity of the disk. Then the total force
acting on the base of the disk can be obtained from the finite element results. If the total
force acting on the base of the disk is not close to the net uplift force, we have to adjust the
assumed value of the uplift velocity of the disk and then perform the next iteration. The
above iteration procedures should be repeated until the total force acting on the base of the
disk is close enough to the net uplift force. At this time, the velocity of the disk we assumed
is close to the accurate value.
After each time step, the effective force at the no-gap part should be checked to judge
whether further separation occurs at the no-gap part of the base of the disk. This has been
described in detail in Section 5.4. When the disk is completely separated from the seabed
surface, the transition stage finishes and the with-gap stage begins.
With-gap stage
In the with-gap stage, the disk has been completely separated from the seabed surface. The
initial width of the gap is obtained naturally in the computational process. At the seabed
surface below the disk, Eq. (5.38) is used as the boundary condition in the solid phase while
Eq. (5.37) is used as the boundary condition in the fluid phase. As in the transition stage,
the iterative method is still needed since the unknown uplift velocity of the disk is contained
in Eq. (5.37). Finally, when the uplift velocity of the disk is greater than a prescribed large
value (we use 1m/s here), it is believed that the breakout occurs and the simulation process
is terminated.
At the seabed surface beyond the disk, both the effective stresses and the excess pore
pressures are assumed to be zero in all the three stages. It should be noted that in the
present numerical model, the disk is not included into the mesh and the interaction of disk-
fluid-seabed is treated as a boundary condition at the seabed surface below the disk.
5.5.2 Verification of numerical model for whole breakout process
Sawicki and Mierczyn´ski (2003) presented some experimental results for the breakout process
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of a disk lying on the soil surface. The setup of their experiments is shown in Figure 5.16,
where a circular steel plate with 32cm diameter, 1cm thickness, and 140N submerged weight,
was used as the extricated object. A layer of “Lubiatowo” fine sand about 10cm thickness
characterized by d10 = 0.15mm and d60 = 0.2mm was placed in a steel box filled with water.
Using standard geotechnical methods, Sawicki and Mierczyn´ski (2003) recommended that
the absolute permeability, porosity and compressibility of the soil they used were about 1.1×
10−4m/s, 0.35 and 1.4 × 10−7Pa, respectively. In their paper, three groups of experimental
results were presented, where the uplift forces were 145N, 150N and 160N, respectively.
The numerical model for the whole breakout process of the disk is used to simulate the
above experiments by Sawicki and Mierczyn´ski (2003). The finite element mesh used here is
shown in Figure 5.17. In the numerical model, we let the soil permeability be 3.85×10−5m/s
through multiplying the absolute soil permeability by the soil porosity given in Sawicki and
Mierczyn´ski (2003). Since in Sawicki and Mierczyn´ski (2003) only the bulk density of the
soil is given, we assume the Poisson’s ratio to be 0.3 which is in the common range of the
soil, and thereafter obtain the Young’s modulus of the soil as 8.57MPa from the bulk density.
In addition, since the temperature of the water used in the experiments in Sawicki and
Mierczyn´ski (2003) was not given, here we assume the water viscosity to be 0.001kg/m.s
which is the value at 20◦C. The results from the present numerical model as well as those
from experiments by Sawicki and Mierczyn´ski (2003) are presented in Figure 5.18, where it
is found that the numerical predictions are in fair agreement with the experimental results.
5.5.3 Parametric studies
In the following, some parametric studies are performed using the present numerical models
for the whole breakout process of the disk problem. To facilitate the parametric studies, we
use Eq. (5.58) instead of Eq. (5.57) as the non-dimensional functional for the with-gap stage,
and Eq. (5.12) as the non-dimensional functional for the no-gap stage since the normalized
times on the left hand sides of Eqs. (5.58) and (5.12) are the same.
Comparing Eq. (5.12) for the no-gap stage and Eq. (5.58) for the with-gap stage, it is
found that the whole breakout process of the disk problem can be described by the following






















where all the notations are the same as those in Eqs. (5.9) and (5.53), on the left hand side,
kt
R
is the normalized time duration of the whole breakout process, while on the right hand



















, and the transition stage is governed by all the non-dimensional
parameters.





be respectively 1.1 and 1.5, and
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in Figures 5.19 ∼ 5.26. Since µk
γwR2
is not the non-dimensional parameter governing the















. It has been identified that in the with-gap stage,
kt
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is not sensitive to
E
γwR




is nearly unchanged with the variation of
E
γwR
for the with-gap stage.
The non-dimensional parameters governing the time duration of the no-gap stage and
those governing the time duration of the with-gap stage are different. Therefore, that in
which stage the time duration is dominant should be judged according to the parameters
involved.
5.6 Concluding Remarks
A numerical model has been developed to simulate the whole breakout process of a disk lying
on the seabed surface, in which the whole breakout process was assumed to be composed of
three stages in sequence: no-gap stage, transition stage and with-gap stage. In the no-gap
stage, the whole base of the disk is in contact with the seabed surface; in the transition stage,
part of the base of the disk is in contact with the seabed surface while the other part of the
base is separated from the seabed surface; and in the with-gap stage, the base of the disk is
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completely separated from the seabed surface. The seabed was assumed to be porous and
elastic, and governed by Biot’s consolidation theory. The disk was assumed to be a rigid
body.
In this chapter, the no-gap stage and the with-gap stage of the disk were studied alone
in the first instance. For the no-gap stage, it was found that the theory proposed by Sawicki
and Mierczyn´ski (2003) was merely a special form of Biot’s theory. In the present numerical
model for the no-gap stage, a consolidation problem of the seabed was solved, in which the
vertical effective stresses at the interface between the base of the disk and the seabed surface
were monitored to indicate the separation between the disk base and the seabed surface.
Through two simple examples provided in Sawicki and Mierczyn´ski (2003), it was found that
the results from the present numerical model for the no-gap stage agree well with those
from the theory proposed by Sawicki and Mierczyn´ski (2003). A new numerical model was
proposed for the with-gap stage without considering the influence of the no-gap stage and
the transition stage. In this model, the fluid motion in the tiny gap between the base of
the disk and the seabed surface was assumed to be the creeping flow. The interaction of
disk–fluid–seabed was treated as a boundary condition at the seabed surface and thereafter
a consolidation problem of the seabed was solved. In this chapter, the theory of Mei et al.
(1985) for the with-gap stage of the long plate problem, which has been verified by their
experiments, was extended to the disk problem for comparison with the present numerical
model for the with-gap stage. It was found that the present numerical model was in good
agreement with the extension theory of Mei et al. (1985). To link the no-gap stage and the
with-gap stage, a transition stage was proposed in this chapter, in which for the no-gap part
and the with-gap part of the base of the disk, the numerical models developed for the no-gap
stage and the with-gap stage were directly used. Based on the above work, the numerical
models proposed for the three stages were combined together to simulate the whole breakout
process of the disk lying on the seabed surface. It is worth emphasizing that one of the
merits of the present numerical model was that for the whole breakout process, we only need
to solve a consolidation problem of the seabed subjected to different boundary conditions in
the no-gap stage, transition stage and with-gap stage at the seabed surface. Some predictions
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from the present numerical model for the whole breakout process of the disk were compared
with the experimental results given in Sawicki and Mierczyn´ski (2003) and it was found that
they were in fair agreement.
The parametric studies for the no-gap stage alone, for the with-gap stage alone, and for
the whole breakout process of the disk problem were performed. It was found that the Young’s
modulus and the Poisson’s ratio of the seabed affect the no-gap stage and the transition stage
significantly, whereas their influence on the with-gap stage may be neglected when the net
uplift force per unit contact area is far less than the shear modulus of the stiff soil. The time
durations of both the no-gap stage and the transition stage were nearly inversely proportional
to the Young’s modulus and the soil permeability, and were related to the ratio of the total
uplift force over the submerged weight of the disk. It was also found that the time duration
of the with-gap stage was nearly inversely proportional to the net uplift force and nearly
proportional to k−2/3, where k is the soil permeability. The time durations of the three
stages were also compared. It was found that the relative magnitudes of these time durations
depend on the parameters involved and it is difficult to tell which stage is dominant.
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Case 1 Case 2 Case 3 Case 4 Case 5
parameters
F (kN) 1.2 2.4 3.6 4.8 6.0
G′ (kN) 1.0 2.0 3.0 4.0 5.0
R (m) 2.0 4.0 6.0 8.0 10.0
E (kPa) 1.2× 104 2.4× 104 3.6× 104 4.8× 104 6.0× 104
k (m/s) 10−8 10−6 10−4 10−6 10−8





10 10 10 10 10
ν 0.3 0.3 0.3 0.3 0.3
Table 5.2: Dimensionless parameters obtained from Table 5.1.
Dimensionless
Case 1 Case 2 Case 3 Case 4 Case 5
parameters
F/G′ 1.2 1.2 1.2 1.2 1.2
R2E/G′ 4.8× 104 1.92× 105 4.32× 105 7.68× 105 1.2× 106
E/γwR 600 600 600 600 600
H/R ∞ ∞ ∞ ∞ ∞
ν 0.3 0.3 0.3 0.3 0.3
Table 5.3: Results of sensitivity analysis.
Breakout
Case 1 Case 2 Case 3 Case 4 Case 5
Time
t (s) 7.50× 104 1.51× 103 2.3× 101 3.04× 104 3.78× 105
kt/R 3.75× 10−4 3.78× 10−4 3.81× 10−3 3.80× 10−3 3.78× 10−3
Tables 140
Table 5.4: Comparison of time durations of with-gap stage from present numerical model










Nil 1.28× 1011 1.28× 1010 1.28× 109 1.28× 108









1.34× 1011 1.35× 1010 1.35× 109 1.34× 108
α = 0.01
Table 5.5: Comparison of time durations of with-gap stage from present numerical model










Nil 2.84× 1012 2.84× 1011 2.84× 1010 2.84× 109



















2.90× 1012 2.90× 1011 2.90× 1010 2.90× 109
α = 0.005
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Table 5.6: Comparison of time durations of the with-gap stage from present numerical model










Nil 6.18× 1013 6.18× 1012 6.18× 1011 6.18× 1010





























6.21× 1013 6.21× 1012 6.21× 1011 6.21× 1010
α = 0.002
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Table 5.7: Comparison of time durations of with-gap stage from present numerical model










Nil 1.37× 1015 1.37× 1014 1.33× 1013 1.35× 1012
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Figure 5.3: Diagram of with-gap stage of breakout process for disk problem.
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Figure 5.6: Finite element mesh used to compare with the one-dimensional problem in Sawicki
and Mierczyn´ski (2003).











Sawicki & Mierczynski (2003)
Present numerical model
10s 20s 30s
Figure 5.7: Comparison of results from the present numerical model and those given by
Sawicki and Mierczyn´ski (2003) for the one-dimensional problem.
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Figure 5.9: Finite element mesh used to compare with the simplified axisymmetric problem
in Sawicki and Mierczyn´ski (2003).

















Figure 5.10: Comparison of results from present numerical model and those given by Sawicki
and Mierczyn´ski (2003) for the simplified axisymmetric problem.
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(a) ν = 0.25

























(b) ν = 0.3
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(c) ν = 0.35







corresponding to some typical values of normalized Young’s modulus
E
γwR







Figure 5.12: Finite element mesh used in numerical analyses (axisymmetric 4-noded ele-






























































































































































































Extension theory, k=10-4m/s, D=0.001
Extension theory, k=10-4m/s, D=0.01
Extension theory, k=10-6m/s, D=0

































Extension theory, k=10-4m/s, D=0.001
Extension theory, k=10-4m/s, D=0.01
Extension theory, k=10-6m/s, D=0








































Extension theory, k=10-4m/s, D=0.001
Extension theory, k=10-4m/s, D=0.01
Extension theory, k=10-6m/s, D=0
Extension theory, k=10-6m/s, D=0.005
Extension theory, k=10-9m/s, D=0







































Extension theory, k=10-4m/s, D=0.001
Extension theory, k=10-4m/s, D=0.01
Extension theory, k=10-6m/s, D=0
Extension theory, k=10-6m/s, D=0.005
Extension theory, k=10-9m/s, D=0








Figure 5.14: Comparison of relationships between normalized time and normalized displace-
ment of disk from present numerical model and extension theory of Mei et al. (1985), where




































































normalized net uplift force
F ′
γwR3













Figure 5.17: Finite element mesh used in numerical model to back-analyze experiments by
Sawicki and Mierczyn´ski (2003).
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(a) Uplift force 145N























(b) Uplift force 150N























(c) Uplift force 160N
Figure 5.18: Comparison between present numerical results and experimental results given
by Sawicki and Mierczyn´ski (2003) for whole breakout process of disk problem.
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(a) No-gap stage and transition stage



































































(c) Whole breakout process
Figure 5.19: Time durations of no-gap stage, transition stage, with-gap stage and whole



























(a) No-gap stage and transition stage































































(c) Whole breakout process
Figure 5.20: Time durations of no-gap stage, transition stage, with-gap stage and whole

























(a) No-gap stage and transition stage



























































(c) Whole breakout process
Figure 5.21: Time durations of no-gap stage, transition stage, with-gap stage and whole























(a) No-gap stage and transition stage























































(c) Whole breakout process
Figure 5.22: Time durations of no-gap stage, transition stage, with-gap stage and whole





























(a) No-gap stage and transition stage



































































(c) Whole breakout process
Figure 5.23: Time durations of no-gap stage, transition stage, with-gap stage and whole





























(a) No-gap stage and transition stage































































(c) Whole breakout process
Figure 5.24: Time durations of no-gap stage, transition stage, with-gap stage and whole

























(a) No-gap stage and transition stage



























































(c) Whole breakout process
Figure 5.25: Time durations of no-gap stage, transition stage, with-gap stage and whole























(a) No-gap stage and transition stage























































(c) Whole breakout process
Figure 5.26: Time durations of no-gap stage, transition stage, with-gap stage and whole









Numerical Modelling of the
Breakout Process of Spudcan
Partially Embedded in Seabed
6.1 Introduction
Mobile jack-up rigs have been extensively used in the offshore industry to drill oil and gas wells
in water depths up to more than 100m. Usually jack-up rigs consist of a buoyant triangular
platform which is supported by three independent truss work legs, each of which is equipped
with a footing known as “spudcan” (Reardon, 1986). Given the geometric dimension of a
spudcan, its penetration depth into the seabed depends mainly on the installation load and
the subsurface soil conditions. When the seabed is constituted of fine sand or stiff clay, the
spudcans may only be partially penetrated into the seabed, i.e. only the base of the spudcan
is in contact with the seabed surface. However, when the seabed is constituted of soft clay,
the spudcans may experience deep penetration into the seabed. In this chapter, we study
the breakout process of spudcans resting on the seabed surface. The breakout process of
spudcans that are deeply penetrated into soft seabed will be studied in the next chapter.
In Chapter 5, the whole breakout process of a disk lying on the seabed surface was
assumed to be composed of three stages in sequence: the no-gap stage, the transition stage
and the with-gap stage, and a numerical model has been developed to simulate the whole
breakout process of the disk. Since the geometric shape of the spudcans is more complex
than a disk with a flat base, some modifications of the previous numerical model for the disk
problem are necessary to simulate the breakout process of the spudcans partially penetrated
into the seabed. After the modification of the previous numerical model, some parametric
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studies will be preformed for the breakout process of the partially penetrated spudcans.
6.2 Modification of the Previous Numerical Model
Although the detail geometry of the spudcans often involves a step in the cone angle (usually,
but not always, with a sharper tip), they can be approximated with reasonable accuracy as
cones of constant angle (Martin and Houlsby, 2001; Cassidy and Houlsby, 2002). In this
chapter, we simplify the spudcan as a conical footing. Similar to the disk problem in Chapter
5, the seabed is assumed to be porous and linear elastic, and governed by Biot’s theory.
The breakout process of the spudcan problem is also assumed to comprise three stages in
sequence: the no-gap stage, the transition stage and the with-gap stage, and will be simulated
consistently in the numerical model.
The difference between the breakout processes of the disk and the spudcan lies in the
difference in their geometric shapes, i.e. the base of the disk is flat while the base of the
spudcan is conical. In the no-gap stage, except that the effective stresses perpendicular to the
inclined base of the spudcan but not the vertical effective stresses in the disk problems should
be used to judge whether the separation between the spudcan base and the seabed surface
occurs, the numerical model developed for the disk problem in Chapter 5 can be used directly
to the present spudcan problem. However, for the with-gap stage, we need to make some
modifications to the previous numerical model to adapt it to the present spudcan problem.
A diagram for the with-gap stage of the present spudcan problem is shown in Figure 6.1.
Eq. (5.25) for the with-gap stage of the disk problem has been derived in Chapter 5.
In the following, the corresponding equation for the with-gap stage of the spudcan problem
will be derived. The derivation procedure is similar to that in Section 5.3 of Chapter 5. In
Figure 6.1, it is assumed that the incline angle of the base of the spudcan is α. The r axis
is along the gap and the z axis is perpendicular to the gap. The vertical displacement of the











δr (r, t) and δz (r, t) are used to denote displacements of the seabed surface in the r and z
directions, respectively.
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The Stokes’ equation for the fluid motion in the tiny gap between the spudcan base and




∂2vr (r, z, t)
∂z2
(6.1)
where it should be noted that p is the dynamic fluid pressure, and the other notations are
the same as those in Eq. (5.14).
Solving Eq. (6.1), yields





+ z2 +A (r, t) z +B (r, t) (6.2)
where A (r, t) and B (r, t) are arbitrary functions of r and t.




sinα at z = h (t) cosα (6.3)
Substituting Eq. (6.3) into Eq. (6.2), yields






z2 − h2 (t) cos2 α)+A (r, t) (z − h (t) cosα) + dh (t)
dt
sinα (6.4)
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In Eq. (6.4), letting z = δz(r, t), yields
A =
vr|z=δz(r,t) − dhdt sinα





(δz + h cosα) (6.7)

































6.2: Modification of the Previous Numerical Model 170
Similar to Section 5.3 of Chapter 5, using v+r , v
+
z to denote velocities of fluid motion
just above the seabed surface in the r and z directions, respectively, and using p+ to denote
































Similarly, by using v−r and v−z to denote the velocities of fluid motion just below the
seabed surface in the r and z directions, respectively, and using p− to denote the excess pore
fluid pressure just below the seabed surface, Darcy’s law within the porous and linear elastic














where vsr and v
s
z are respectively the velocities of soil skeleton in the r and z directions,
and kr and kz are respectively the soil permeabilities in the r and z directions. Obviously,
vsr (r, t) =
dδr (r, t)
dt




The continuity relationships at the seabed surface are adopted:
v+r = v
−




z = vz p
+ = p− = p (6.11)













































is the fluid flux from the seabed into the tiny gap, and ∆ is the width
of the gap and varies with r and t. Evidently, when α = 0, Eq. (6.12) reduces to Eq. (5.25).
In the with-gap stage of the present numerical model, the direct scheme proposed in










































6.3: Effect of Angle α on the Breakout Time 171
which is regarded as the boundary condition in the fluid phase at the seabed surface below
the spudcan. Except using Eq. (6.12) instead of Eq. (5.25), the numerical model for the
with-gap stage of the spudcan problem is nearly the same as that for the with-gap stage of
the disk problem in the last chapter. Similar to the disk problem, in the transition stage of
the spudcan problem, the numerical model for the no-gap stage is used at the no-gap part
meanwhile the numerical model for the with-gap stage is used at the with-gap part at the
soil surface below the spudcan.
6.3 Effect of Angle α on the Breakout Time
Similar to the breakout problem of the disk with flat base, the present breakout problem of





















where α is the angle marked in Figure 6.1, R is the radius of the widest part of the spudcan
in seabed, and the other notations are the same as those in Eq. (5.59). It is noted that there
is one more variable α in Eq. (6.14) compared to Eq. (5.59) for the disk problem. Obviously,
when α is equal to zero, the present spudcan problem reduces to the previous disk problem
which we have studied in the last chapter. In the following, we will consider two cases to


































α = 0◦, 5◦, 10◦, 15◦, 20◦, 25◦ and 30◦, respectively.
The above parameters are chosen such that the time duration of the with-gap stage is dom-
inant (i.e. with-gap stage takes longer time) in Case 1, whereas the time duration of the
no-gap stage is dominant (i.e. no-gap stage takes longer time) in Case 2.
The breakout process of the spudcan is simulated by the present numerical model using
the above parameters. We plot the relationships between the normalized time ktα/R and α,
and between tα/t0 and α in Figure 6.2 for Case 1 and in Figure 6.3 for Case 2, where tα is
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the time duration corresponding to α of the inclination angle of the base of the spudcan and
t0 = tα (α = 0◦). From these results, it is found that when α is less than 30◦, the variations of
the time durations for the transition stage and the with-gap stage are not significant, whereas
the time needed for the no-gap stage decreases about 40% when α increases from 0◦ to 30◦.
Therefore, it may be concluded that for the breakout process in which the with-gap stage is
dominant, the effect of α on the total breakout time need not be considered; whereas for the
breakout process in which the no-gap stage is dominant, the effect of α on the total breakout
time should be taken into account. In the last chapter, it has been identified that which stage
is dominant during the breakout process depends on the parameters involved. Therefore, the
effect of α on the breakout time of the spudcan also depends on the parameters involved.
6.4 Parametric Studies for the Breakout Process of Spudcan
In the following, we will perform some parametric studies for the breakout process of the
spudcan partially penetrated in the seabed. Initially the spudcan is assumed to be partially
penetrated in the seabed. We assume that before extraction, the vertical working load on the
spudcan plus the self submerged weight of the spudcan is F1 and the soil around the spudcan
has been fully consolidated. For the extraction process, this situation is believed to be more
critical compared to the situation in which the soil has not been fully consolidated. When
the extraction process begins, it is assumed that firstly the working load on the spudcan is
quickly dropped to zero and then the uplift force is quickly applied on the spudcan such that
in this process, the soil around the spudcan can be regarded as undrained. It should be noted
that the magnitude of the excess pore pressures in the soil after the removal of the working
load is related to the working load on the spudcan. This is why we use F1 instead of the
submerged weight of the spudcan here. After the final maximum uplift force is applied, it
is kept unchanged until the breakout of the spudcan occurs. We use F2 to denote the uplift
force minus the self submerged weight of the spudcan. Similar to Eq. (6.14), the functional
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where except for F1 and F2 which have been defined above, the other notations are the same
as those in Eq. (6.14).





















where the non-dimensional parameters used here are summarized in Table 6.1. In Table 6.1,
we let α = 10o since for typical spudcans used in practice, α is around 10o (Poulos, 1988),












are adopted. From the results plotted
in Figures 6.2 and 6.3, it can be found that for the spudcan with α = 10◦, the variations of
the time durations of the transition stage and the with-gap stage could be neglected, whereas
the time duration of the no-gap stage decreases about 10% compared to the spudcan with
α = 0◦.
The results of the parametric studies are plotted in Figures 6.4 ∼ 6.7. Similar to the
disk problem in the last chapter, in the present spudcan problem,
µk
γwR2
is not the governing
non-dimensional parameter for the no-gap stage and the time-duration of the transition stage








does not vary significantly with the variation of
E
γwR
indicates that the with-gap stage
is dominant in the breakout process, whereas that
kt
R




means that the no-gap stage and the transition stage are dominant in the breakout
process.
The results obtained here are quite similar to those obtained for the disk problem in the
last chapter. It is found that the value of
F2
F1
affects the time durations of the no-gap stage
and the transition stage significantly, whereas the value of
F2
γwR3
affect the time duration
of the with-gap stage significantly. It is also found that the time durations of the no-gap
stage and the transition stage are nearly inversely proportional to k, the time duration of
the with-gap stage is nearly inversely proportional to k2/3, the time durations of the no-gap
stage and transition stage are nearly inversely proportional to the Young’s modulus of the
soil E, and the effect of E on the time needed for the with-gap stage is insignificant when
the net uplift force per unit contact area is far less than the Young’s modulus of the soil.
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The typical values of the parameters in the breakout problem of the spudcan partially
penetrated in seabed are covered in Figures 6.4 ∼ 6.7 so that they can be used to estimate
the breakout time. For example, for the breakout process of a spudcan with the following
parameters: α = 10◦, ν = 0.3, R = 10m, H À R, k = 10−5m/s, E = 5×104kPa, F1 = 104kN,











= 500. Using these non-dimensional parameters, from Figure
6.6(c), we found that
kt
R
' 1.5 × 10−2, namely the time-duration of the whole breakout
process is about 1.5× 104s (4.2hours).
6.5 Concluding Remarks
When the seabed is constituted of fine sand or stiff clay, the spudcans may only be partially
penetrated into the seabed. In this chapter, the breakout process of the spudcan partially
penetrated into the seabed was studied. As in the last chapter, the seabed was assumed to
be porous and linear elastic, and governed by Biot’s consolidation theory. The geometric
shape of the spudcan was simplified as a conical footing. Since the geometric shape of the
spudcan is more complex than the disk with flat base, some modifications were made to
the numerical model developed in the last chapter to simulate the breakout process of the
partially penetrated spudcan. Similar to the disk problem in the last chapter, the whole
breakout process of the partially penetrated spudcan can be simulated naturally by the
numerical model.
The effect of the base inclination angle of the simplified spudcan (i.e. conical footing)
α on the breakout time has been examined. It was found that when the angle was in the
range of 0◦ ∼ 30◦, the value of α does not influence the time durations of the transition
stage and the with-gap stage significantly. However, the time duration of the no-gap stage
decreases about 40% when α increases from 0◦ to 30◦. When α = 10◦, which is the typical
value for spudcans in the field, the time duration of the no-gap stage decreases about 10%
compared to the spudcan with α = 0◦. Therefore, when the with-gap in the breakout process
is dominant, the effect of α on the total breakout time may not be considered, and when
the no-gap stage is dominant, the effect of α on the total breakout time may have to be
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taken into account. However, which stage is dominant in the breakout process depends on
the parameters involved and cannot be easily determined in advance.
Similar to the disk problem in the last chapter, a functional was presented to describe
the breakout process of the partially penetrated spudcan, where the ratio of the uplift force
minus the submerged weight of the spudcan over the working load plus the submerged weight
of the spudcan was used. The working load was included in the functional since the excess
pore pressures generated in the soil after its removal from the spudcan is related to its
magnitude. Thereafter, some parametric studies were performed based on this functional. In
the parametric studies, it was assumed that the soil was fully consolidated when the working
load was on the spudcan. The incline angle of the base of the spudcan α was chosen as 10◦,
which is typical for the spudcans in the field. In the parametric studies, the common values
of the other non-dimensional parameters were covered. The results of the parametric studies
were presented in figures and thereafter an example was given to demonstrate how to use
these results to estimate the breakout time.
6.5: Concluding Remarks 176









10−4 10−3 10−2 10−1
F2
γwR3
10−4 10−3 10−2 10−1
E
γwR
100 500 1000 2000 3000 4000 5000
µk
γwR2




























Figure 6.1: Diagram of with-gap stage of breakout process for cone problem.
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(a) kt/R vs α
















(b) tα/t0 vs α
Figure 6.2: Relationship between normalized time durations of no-gap stage, transition stage
and with-gap stage and slope of base of cone for Case 1.














(a) kt/R vs α
















(b) tα/t0 vs α
Figure 6.3: Relationship between normalized time durations of no-gap stage, transition stage
and with-gap stage and slope of base of cone for Case 2.
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Chapter 7
Numerical Modelling of the
Breakout Process of Spudcan
Completely Embedded in Seabed
7.1 Introduction
The breakout process of spudcans partially penetrated in the seabed has been studied in the
last chapter. However, such a situation occurs only when the seabed is constituted of fine
sand or very strong clay. When the seabed consists of soft clay, spudcans will experience deep
penetration into the seabed, and may penetrate up to 2 to 3 diameters to reach equilibrium
in the soft soil. The deep penetration of spudcans in soft soil with low permeability often
results in great difficulties during the extraction process.
In the following, only the most relevant work to this chapter are reviewed. Based on
published literature, Vesic´ (1971) gave valuable insights to the breakout problems. In his
paper, the effects of soil remolding, rate and character of loading, soil adhesion, soil suction
force, effect of soil liquidity, etc. were examined qualitatively. It was pointed out that unless
the soil is highly pervious, there will be an increase of pore water pressures above the object
and a decrease of pore water pressures below the object during the uplift process. The
difference was defined as the suction force in Vesic´ (1971). However, he admitted that very
little is known about the suction force in general.
Some experimental work on the breakout phenomenon of spudcans are reported. Craig
and Chua (1990b) investigated the installation and extraction of spudcan in uniform clay by
centrifuge tests. In their work, it was found that if the compressive bearing stresses after
the installation of spudcan are in excess of four times the undrained shear strength, good
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adherence at the interface between the base of the spudcan and the subsoil can be ensured.
As a result, high sustainable underbase suctions were generated and the breakout force was
large. Although there were no detailed discussions on its behavior and contribution to the
breakout force, the important role of suction at the spudcan base during the breakout process
is shown.
Recently, Purwana et al. (2005) carried out a series of centrifuge experiments to inves-
tigate the mechanism of the extraction of the spudcan embedded in normally consolidated
clay, in which the development of the excess pore pressures at the top and at the base of the
spudcan during the extraction process were examined. Their results revealed that the break-
out force required to extract the spudcan increases with an increase of the waiting time after
the installation of the spudcan. The ratio of the maintained vertical load over the maximum
installation load does not affect the breakout force as significantly as compared to the effect
of the waiting time. They concluded that the suction at the base of the spudcan plays a vital
role in the breakout process when the waiting time is relatively long for the dissipation of the
excess pore pressures generated during the installation of the spudcan.
However, few numerical or analytical methods are available to model the breakout phe-
nomenon of the spudcan. In this chapter, a finite element model is developed to simulate the
breakout process of the spudcan in soft clay. The finite element model is verified through
back-analysis of the centrifuge tests by Purwana et al. (2005). Thereafter, the finite element
model is used to investigate the failure mechanism of the soil during the extraction of the
spudcan. Finally, some parametric studies are performed to give a better understanding of
the breakout phenomenon of spudcans.
7.2 Finite Element Analysis
A finite element model is developed to simulate the breakout process of a spudcan which
is completely embedded in soft clay. In this model, the non-linear axisymmetric enhanced
finite element method for problems of soil consolidation developed in Chapter 4 is used. For
the purposes of verification, the present finite element model is used to back-analyze the
centrifuge tests conducted by Purwana et al. (2005).
7.2: Finite Element Analysis 185
The setup of the centrifuge model by Purwana et al. (2005) is shown in Figure 7.1.
In their tests, the diameter and the penetration depth of the spudcan were respectively
12.5m and 18.75m in prototype scale, i.e. the penetration depth is 1.5 times the diameter
of the spudcan. The soil used was constituted from Malaysian kaolin clay. The properties
of Malaysian kaolin clay have been described by Goh (2003) and are listed in Table 7.1.
Purwana et al. (2005) conducted cone penetration tests at a point far away from the spudcan
prior to the extraction of the spudcan in five centrifuge tests with various waiting times as
will be introduced in detail later. Using a cone factor of 11.8 established by Arunmongkol
(2004) for the same Malaysia kaolin clay, they derived the undrained shear strength of the
soil as shown in Figure 7.2 from the measured cone resistance. From Figure 7.2, it is found
that the undrained shear strength profiles from the five tests are quite consistent. There is an
overconsolidated soil layer about 4m thickness at the top soil surface. Below this layer, the
soil was nearly normally consolidated and can be approximated as cu = 0.24σ′v, where cu is
the undrained shear strength and σ′v is the vertical effective stress. Following the operational
procedure of jack-up in the field, Purwana et al. (2005) simulated the following four stages in
their experiments: (1) penetrating the spudcan to a predetermined soil depth, (2) reducing
the maximum installation load to the maintained vertical load, (3) waiting for a certain time
(namely, waiting time) meanwhile keeping the maintained vertical load unchanged, and (4)
extracting the spudcan from the soil.
7.2.1 Finite element mesh
Since the spudcan is axisymmetric and we consider only vertical uplift load, the present prob-
lem can be modeled as an axisymmetric problem. The finite element mesh used throughout
the back-analysis of the centrifuge tests by Purwana et al. (2005) is shown in Figure 7.3.
The size of the mesh in the finite element model is the same as the size of the centrifuge
container in prototype scale and the mesh is discretized into 4-noded quadrilateral elements.
The enhanced finite element method for the nonlinear consolidation problems, in which the
4-noded quadrilateral elements are used for both the solid phase and the fluid phase, are
used to perform the present analysis. It has been shown in Chapters 3 and 4 that this type
of elements can predict the collapse loads accurately and the oscillation of the nodal excess
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pore pressures does not occur even when approaching the undrained condition.
In soft normally consolidated clay, it is reported by Kee and Ims (1984) from field
inspections and by Hossain et al. (2004b) from centrifuge observations that soil back-flow
occurs immediately after the penetration of the widest part of spudcan below the mudline.
Eventually, the spudcan becomes fully embedded, with soil covering the entire top surface
with no significant cavity. However, when a spudcan penetrates into overconsolidated clay
with a significant strength at the top soil surface so that the top soil is not ready to back-flow
during the penetration process, centrifuge observations (Craig and Chua, 1990a,b; Hossain
et al., 2004a) indicated that a cavity forms at the top soil surface. In the centrifuge tests by
Purwana et al. (2005), there is an overconsolidated soil layer of about 4m thickness below the
top soil surface. The soil below this overconsolidated soil layer is normally consolidated (see
Figure 7.2). In Purwana et al. (2005), it was observed that a cavity about 4m deep formed
after the penetration of the spudcan. This is in agreement with the observations previously
reported by Craig and Chua (1990a,b) and Hossain et al. (2004a). The readings of the two
total pressure transducers at the top surface of the spudcan also indicate that the depth of
the cavity is about 4m. For the cavity in the centrifuge tests, the base is deepest at the
center and the depth decreases gradually away from the center. However, for simplicity in
the present finite element model, we assume that the base of the cavity is flat, the cavity wall
is vertical and the depth of the cavity is 4m as shown in Figure 7.3.
The two vertical boundaries of the mesh are restricted from moving in the horizontal
direction, while the bottom boundary is restricted from moving in the vertical direction
because the size of the mesh used here is the same as the container used in the centrifuge
tests (Purwana et al., 2005) in prototype scale. The top boundary including the cavity is a
stress-free boundary. In this work, the spudcan is assumed to be a rough and rigid body.
Consequently, the spudcan need not be simulated in the finite element model but modeled
by applying appropriate boundary conditions on the element nodes around the spudcan as
will be addressed in the following. For the element nodes around the spudcan, their vertical
displacements should be the same and horizontal displacements should be zero if no separation
occurs at the interface between the spudcan and the surrounding soil. In the analysis, when
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applying vertical load on the spudcan, we use the “displacement control” method (Potts
and Zdravkovic´, 1999) in which the vertical displacement increment of the spudcan is applied
directly on all the element nodes at the interface and the vertical force applied on the spudcan
can be calculated by summing the vertical reactions of the nodes at the interface. However,
when the load applied on the spudcan is maintained and meanwhile the soil is allowed to
consolidate for a certain time, we may use the “load control” method (Potts and Zdravkovic´,
1999). In this method, the vertical displacement of the nodes at the interface are tied by
letting the vertical displacements of these nodes have the same degree of freedom in order
to ensure that all these nodes move vertically by the same amount. The external load on
the spudcan corresponding to this degree of freedom does not change. In the “load control”
method, the increment of the vertical displacement of the spudcan is unknown but can be
determined in the computation. Since during both the installation and extraction processes,
the friction between the leg and the surrounding soil may be neglected compared to the soil
resistances on the spudcan itself, the leg of the spudcan is assumed to be smooth in this work.
This is simulated in the finite element model by providing boundary condition that allows
vertical movement to take place along the leg but zero lateral movement.
As to the boundary conditions in the fluid phase, throughout the analysis, no flow is
allowed through the base boundary, the right-hand boundary, the interface between the
spudcan and the around soil, and the left-hand boundary which forms the vertical plane
of symmetry through the center of the spudcan. The excess pore pressures at the top surface
of the soil are always equal to zero.
7.2.2 Choice of constitutive model
The soft clay used in Purwana et al. (2005) was normally consolidated before the installation
of the spudcan except that there was an overconsolidated layer of about 4m thickness at
the top soil surface. It is well-known that a Mohr-Coulomb type failure criterion is more
appropriate than a circular shaped failure surface to represent the failure conditions of the
soil (Potts and Zdravkovic´, 1999). In this work, a form of the modified Cam clay (MCC) con-
stitutive model originally proposed by Roscoe and Burland (1968) is used, in which the yield
and plastic potential surfaces are given by a Mohr-Coulomb hexagon and a circle respectively
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in the deviatoric plane as shown in Figure 7.4 (Potts and Gens, 1984; Gens and Potts, 1988;
Potts and Zdravkovic´, 1999). This differs from some implementations of the MCC model,
which assume that both the yield and plastic potential surfaces are given by a circle in the
deviatoric plane.
The MCC model used in this study is fully defined by five parameters, κ, λ, ν1, φ′ and µ,
where κ is the slope of the swelling lines, λ is the slope of the virgin consolidation line, ν1 is
the virgin consolidation specific volume at unit pressure, φ′ is the angle of shearing resistance,
and µ is the Poisson’s ratio. For Malaysia kaolin clay which was used in the centrifuge tests
by Purwana et al. (2005), the five parameters for the MCC model as well as the liquid limit
LL, plastic limit PL, specific gravity Gs, coefficient of consolidation cv, and permeability k
have been described by Goh (2003) and are presented in Table 7.1.
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stresses. It should be noted that in the yield function, g (θ) varies with θ.
The soil parameters used to define the MCC model do not involve the undrained shear
strength cu which is often used to represent the undrained behavior of soft clay. However, cu
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where OCR is the overconsolidation ratio, σ′v the vertical effective stress, Knc0 the normally
consolidated coefficient of earth pressure at rest, Koc0 the overconsolidated coefficient of earth
pressure at rest, and other notations are the same as those in Eq. (7.1). g (θ) is given in Eq.
(7.1). Knc0 , K
oc
0 and A can be expressed as










g (−30◦) (1 + 2Knc0 )
(7.5)
If the soil is normally consolidated, Koc0 = K
nc













It is estimated that the average effective unit weight of the soil sample is 6kN/m3
(Purwana et al., 2005). Substituting the soil parameters presented in Table 7.1 and
θ = −30◦, which indicates that the soil is in triaxial compression, into Eq. (7.6), we ob-
tain cu/σ′v = 0.244. This value agrees well with the results in Figure 7.2, which were derived
by Purwana et al. (2005) from the cone penetration tests where the cone factor was 11.8.
However, in triaxial extension, θ = 30◦, and using Eq. (7.6), yields cu/σ′v = 0.187. The
undrained shear strength in triaxial compression is higher than that in triaxial extension.
Because of the discontinuity of the Mohr-Coulomb expression at θ = −30◦ and θ = 30◦,
usually some ad hoc rounding of the corners is required. In this study, the approach proposed
by Sloan and Booker (1986) is adopted. When compared to the methods of Zienkiewicz and
Pande (1977) and Owen and Hinton (1980), Sloan and Booker (1986)’s procedure has the
advantage that it uses a trigonometric rounding only in the vicinity of the vertices and thus
models the original yield surface very closely. Except for the tensile hydrostatic stress states,
the Sloan and Booker (1986)’s surface is continuous and differentiable for all stress states.
In solving the non-linear soil problem, given an increment of the strains and initial stresses
at each Gauss integration point, it is required to calculate the stress increment according to
the constitutive model. In this study, the substepping algorithm with automatic error control
proposed by Sloan et al. (2001) is adopted. In the substepping approach, the strain increment
corresponding to every load/displacement increment is split into smaller substeps and then
integrating the constitutive model along the strain path to obtain an estimate of the stress
changes. The size of the substeps can be automatically controlled by estimating the errors
caused by the integration.
Since the non-associated constitutive soil model described above is used, the usual it-
erative methods, such as tangent stiffness method, Newton-Raphson method and modified
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Newton-Raphson method cannot be used directly unless special symmetrization techniques
are employed (Gens and Potts, 1988). Hence, in this work, we use the “initial stress” method
(Smith and Griffiths, 1997) in which the symmetric elastic stiffness matrix is used. The imple-
mentation of the “initial stress” method in the enhanced finite element method for non-linear
consolidation problems has been discussed in Chapter 4.
7.2.3 Sequence of analysis
In the finite element model, the stress field immediately after the installation of the spudcan
should be known in order to simulate the extraction of the spudcan. From the stress field
immediately after the installation of the spudcan we can obtain the stress field at the initial
stage of the extraction process after simulating the preloading stage by reducing the maximum
installation load to the maintained vertical load and allowing consolidation of the soil to take
place to simulate the waiting period of the spudcan. However, because of the complexity of
the spudcan installation process which would involve large displacements and large strains,
certain assumptions are made to approximate the state of stresses in the ground after the
spudcan installation.
It should be pointed out that in this study, the installation load is defined as the applied
downward load on the spudcan plus the self-weight of the spudcan, whereas the uplift load is
defined as the applied upward load on the spudcan minus the self-weight of the spudcan. The
analysis sequence of the present finite element model is as follows. Initially, the spudcan is
assumed to be “wished-in-place” at a predetermined depth of the soil. The numerical method
of analysis procedure involves four steps: (1) using assumptions which will be addressed in
detail later to approximately obtain the effective stress field and the excess pore pressure field
in the soil after the installation of the spudcan, meanwhile the maximum installation load
which is the load that causes bearing failure of soil at the “wished-in” position is obtained by
summing the vertical nodal force around the spudcan, (2) reducing the maximum installation
load on the spudcan to the maintained vertical load, (3) letting the soil consolidate for
a predetermined time, i.e. the waiting time, and (4) applying uplift force to extract the
spudcan.
In this study, the spudcan is assumed to be rigid and rough and it is not directly simulated
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in the finite element model but is simulated by applying the boundary conditions around the
spudcan as the follows. The horizontal displacements on the finite element nodes around
the spudcan are set to be zero and the boundaries around the spudcan are assumed to be
impermeable in all the four steps. In steps (1), (2) and (4), the application of loads on the
spudcan as well as the self-weight of the spudcan is simulated by applying the same vertical
displacements on nodes around the spudcan, and the force applied on the spudcan can be
obtained by summing the nodal force around the spudcan. In step (3), the nodes around
the spudcan are free to move vertically but by the same amount, with total load on the
spudcan remaining constant. When simulating step (3), we let the vertical displacements on
the element nodes around the spudcan be of the same degree of freedom and thereafter let
the external force increment be zero corresponding to this degree of freedom. Consequently,
the resulting vertical displacements for the nodes around the spudcan are not prescribed, but
are results of the analysis.
In step (4), initially the base of the spudcan is in contact with the subsoil. During
the extraction process, suction will be generated at the base of the spudcan. However, if
separation between the base of the spudcan and the subsoil occurs during the extraction
process, the suction formed previously will decrease quickly. When simulating step (4),
initially we assume the base of the spudcan is fully bonded with the subsoil. Thereafter,
we can apply the prescribed displacements to all the element nodes around the spudcan.
However, in the computational process, the normal effective stresses at the base of the spudcan
should be monitored since they indicate whether the separation occurs between the base of
the spudcan and the soil beneath.
7.2.4 Stress field after installation of spudcan
In the centrifuge tests by Purwana et al. (2005), there is an overconsolidated layer with 4m
thickness at the top soil surface, and below this overconsolidated layer the soil is normally
consolidated before the installation of the spudcan. The following parameters can be de-
termined before the installation of the spudcan. The vertical effective stress of the soil is
equal to the effective unit weight of the soil multiplied by the depth. The coefficient of earth
pressure at rest K0 can be obtained from Eq. (7.3) for the normally consolidated soil and
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from Eq. (7.4) for the overconsolidated soil to calculate the horizontal effective stress. The
pore pressures in the soil are hydrostatic.
The effective stress field and the excess pore pressure field immediately after the installa-
tion of the spudcan should be known to simulate the extraction of the spudcan in the present
finite element model. In the following, the assumptions used to approximate the effective
stress field and the excess pore pressure field in the soil immediately after the installation of
the spudcan are presented.
Stress field above spudcan top
Initially the spudcan is assumed to be “wished-in-place” at a predetermined depth of the
soil. As shown in Figure 7.5, it is assumed that the soil in Zone 1 is severely remoulded
and the soil beyond Zone 2 is not disturbed during the installation process of the spudcan.
Zone 2 is assumed to be a transition zone. Zone 1 is assumed to be right on top of the
spudcan. Craig and Chua (1990a) and Hossain et al. (2005) observed from their centrifuge
experiments that the lateral extent of the soil distortions is about 1.5 times of the radius
of the spudcan from the centerline of the spudcan. Recently, Purwana (2007) conducted
T-bar tests at the locations of 1.5 and 2 times of the radius of the spudcan away from the
centerline of the spudcan both before and immediately after the installation of the spudcan.
The undrained shear strength profiles derived from the T-bar tests are shown in Figure 7.6.
From Figure 7.6, it is found that the undrained shear strength decreases at the location of
1.5 times of the radius of the spudcan away from the centerline of the spudcan immediately
after the installation of the spudcan, whereas at the location of 2 times of the radius of the
spudcan away from the centerline of the spudcan, the undrained shear strength almost does
not change immediately after the installation of the spudcan. Based on the results of T-bar
tests by Purwana (2007), in the finite element model, Zone 2 is assumed to be between 1
time to 2 times of the radius of the spudcan from the center of the spudcan in the horizontal
direction and above the widest part of the spudcan in the vertical direction (refer to Figure
7.5). It is assumed that the soil beyond Zone 2 is not disturbed during the installation of the
spudcan. In the finite element model, the author has also performed analyses assuming the
range of Zone 2 to be from 1 time to 1.5 times of the radius of the spudcan from the center
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of the spudcan in the horizontal direction. It was found that the numerical results are very
close to those presented in Section 7.3 and hence they are not presented in the thesis.
From centrifuge tests, Purwana et al. (2005) found that with the increase in the waiting
time after installation of the spudcan, the variation of the top soil resistance (i.e. total soil
pressure on the top surface of the spudcan) is not significant compared to the variation of the
base soil resistance (i.e. total soil pressure on the base of the spudcan) when the breakout
occurs. Based on this important finding, we surmise that the breakout force is not sensitive to
the stress field above the spudcan before extraction. Hence, the effective stress field and the
excess pore pressure field above the spudcan may be obtained by some approximate method,
without the need to go through the ideal but complex numerical simulation of the installation
process of the spudcan. The method of obtaining these stress fields in Zone 1, Zone 2 and
beyond Zone 2 in the present finite element model is described below and the assumptions
used here will be verified in the next section.
It has been reported by many researchers (Skempton and Northey, 1953; Federico, 1983;
Wood, 1985) that the undrained shear strength at the liquid limit is about 1.7kN/m2 for
a large number of clay soils. From the results of Skempton and Northey (1953), Wroth
and Wood (1978) assumed that the shear strength at the plastic limit is one hundred times
the shear strength at the liquid limit. From the same results, Belvisco et al. (1985) defined
plasticity index as the range of water content producing a 100-fold variation in shear strength.
Having assigned the undrained shear strengths of 2kN/m2 and 200kN/m2 to soils at their
liquid limit and plastic limit, respectively, we can use the following formula to estimate the
remoulded strength of a soil with knowledge of only its liquidity index (Wood, 1990a):
cu = 2× 1001−LI (kPa) (7.7)





, LL is the liquid limit, PL is the plastic limit,
PI is the plasticity index, and w is the water content.
During the installation process, the soil in Zone 1 is severely remoulded resulting from
the soil back-flow around the spudcan. Given the water content of the soil in Zone 1, the
remoulded undrained shear strength cu can be obtained by using Eq. (7.7). Assuming the
soil in Zone 1 is in one-dimensional normal compression after the installation of the spudcan,
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the vertical effective stress σ′v can be obtained by substituting cu into Eq. (7.6), where we
let θ = −30◦. Using the data in Table 7.1, we obtain cu/σ′v = 0.244, which is very close
to cu/σ′v = 0.25 recommended in Wood (1990a) for a number of remolded soils. In the soil
in Zone 1, the magnitudes of σ′v after the installation of the spudcan should be lower than







0 is obtained from Eq. (7.3). The vertical total stress can be calculated
easily by σv = γ′h, where γ′ is the effective unit weight of the soil and h is the depth of the
computational point. Then the excess pore pressure can be obtained by p = σv − σ′v. When
using the above method to calculate the effective stresses and the excess pore pressures in
Zone 1, it is possible that σ′v may be greater than σv resulting in p is less than zero at the
places close to the ground surface. In such condition, we let σ′v = σv and p = 0 since after the
penetration of the spudcan, normally the excess pore pressures in Zone 1 should be positive.
In the finite element model, given the water content for the soil in Zone 1, the effective
stress field and the excess pore pressure field in Zone 1 can be estimated by using the method
described above. The pore pressures in the soil beyond Zone 2 are assumed to be hydrostatic
since the soil beyond Zone 2 is assumed to be undisturbed after penetration of the spudcan
based on the T-bar tests by Purwana (2007). To link the stress field in Zone 1 and the stress
field beyond Zone 2, Zone 2 is assumed to be a transition zone, in which the effective stresses
and the excess pore pressures are assumed to vary linearly in the horizontal direction.
Stress field beneath spudcan base
Unlike the soil above the spudcan, the soil beneath the spudcan is not as severely remolded
during the penetration of the spudcan (Hossain et al., 2005). Therefore, in the finite element
model, the effective stress field and the excess pore pressure field beneath the spudcan are
obtained by applying load on the spudcan until bearing failure of the soil beneath is achieved.
We call this force the maximum installation load acting on the spudcan. In the next section,
we will show that when back-analyzing the centrifuge tests by Purwana et al. (2005), the
maximum installation load obtained through this method is quite close to that measured in
the centrifuge tests.
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7.2.5 Validation of assumed stress field
In the last section, some assumptions were made so that given the water content of the soil
in Zone 1, we can obtain the effective stress field and the excess pore pressure field in the soil
above the spudcan after the installation of the spudcan. As to the effective stress field and
the excess pore pressure field in the soil beneath the spudcan, they are obtained by applying
load on the spudcan until the bearing failure of the subsoil is reached. In the following, the
assumptions used in the last section will be verified.
Stress field above spudcan top
During the penetration process of the spudcan, soil back-flow is localized around the spudcan,
i.e. assuming the spudcan has penetrated to a certain depth in the soil, then with further
penetration, the soil around the spudcan begins to flow gradually to the top of the spudcan
(Hossain et al., 2005; Purwana, 2007). Therefore, the excess pore pressures measured at the
top surface of the spudcan during the penetration process may be regarded as the distribution
of the excess pore pressure in Zone 1 along depth after the penetration. In the centrifuge
tests by Purwana et al. (2005), two pore pressure transducers (PPTs) named as P1 and
P2 respectively, were installed on the top surface of the spudcan (see Figure 7.1). The
distributions of the excess pore pressure along the depth in Zone 1 after the penetration of
the spudcan can be obtained from the readings of these two PPTs as the spudcan penetrates
into the soft clay and they are shown in Figure 7.7. Purwana (2007) found that the water
contents of the top soil and the base soil after the spudcan was extracted out from the soil
were about 70% and 60%, respectively. In Figure 7.7, we have also presented the distributions
of the excess pore pressure in Zone 1 using the method described in the last section, where
the water content w in Zone 1 is assumed to be 80% (liquid limit) and 70%, respectively.
From Figure 7.7, it is observed that the results from the centrifuge tests are quite close to
those obtained from the present method in which w = 70%, whereas w = 80% results in
higher excess pore pressures in Zone 1. Therefore, when back-analyzing the centrifuge tests
by Purwana et al. (2005), we use w = 70% for the soil in Zone 1.
In the finite element model, the effective stress field and the excess pore pressure field
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in the soil above the spudcan immediately after the installation of the spudcan are obtained
according to the water content w for the soil in Zone 1. In the following, we investigate the
sensitivity of the top resistance at breakout to the assumed value of w for the soil in Zone
1, i.e. the total soil pressures on top surface of the spudcan when breakout occurs. Two
centrifuge tests performed by Purwana et al. (2005), in which the waiting times are ¿ 1 day
and 843 days, and the ratio of the maintained vertical load over the maximum installation
load is 75%, are back-analyzed using the finite element model. These two cases represent the
two extreme conditions with very short and very long consolidation times for the soil after
the installation of the spudcan. In the case with a waiting time of 843 days, the excess pore
pressures at the base of the spudcan almost completely dissipated before the extraction of
the spudcan (Purwana et al., 2005). For each case, three values of w for the soil in Zone 1:
80% (liquid limit), 70% and 60% are adopted. In addition, the situation in which the pore
pressures in Zone 1 are hydrostatic is also included.
For the above two cases, the relationship between the top resistance on the spudcan and
the uplift displacement of the spudcan during the extraction process are shown in Figure 7.8.
In Figure 7.8, it is found that the total soil pressure force on the top surface of the spudcan
before the extraction is close to the effective weight of the soil in Zone 1. It is also found that
the final top soil resistance increases with the decrease in w assumed for the soil in Zone 1
for both two cases. The detailed analyses will be given below.
For the case with ¿ 1 day waiting time, the top resistance at breakout F topFE from the
finite element analysis increases from about 9.5MN to 13.6MN when w in Zone 1 drops from
the liquid limit to the situation where the pore pressures in Zone 1 are hydrostatic. In the
centrifuge tests, Purwana et al. (2005) measured that for this case, the top resistance at
breakout F topcen is about 9.7MN and the breakout force F breakcen is about 17MN. It is found
that when w = 80% (liquid limit) and 70%, |F topFE − F topcen|/F breakcen = 1.2% and 7.5%, respec-
tively, which means that the maximum top resistance when breakout occurs does not vary
significantly compared to the breakout force.
For the case with a long waiting time of 843 days, the maximum top resistance F topFE
increases from about 12.2MN to 13.7MN when w in Zone 1 drops from the liquid limit to the
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situation where the pore pressures in Zone 1 are hydrostatic. For this case, the maximum
top resistance F topcen and the breakout force F breakcen measured by Purwana et al. (2005) are
about 12MN and 35.8MN, respectively. When w = 80% (liquid limit), 70%, 60% and the
pore pressures in Zone 1 are hydrostatic, |F topFE −F topcen|/F breakcen = 0.6%, 1.1%, 4.7% and 4.7%,
respectively. Hence, it may be concluded that for the case with very long waiting time, the
top resistance is not sensitive to the assumed initial value of w for the soil in Zone 1.
According to the above sensitivity analysis, we may conclude that in the finite element
model, the top resistance when breakout occurs is not very sensitive to the water content for
the soil in Zone 1, especially when the waiting time is relatively long. In this work, we let
w = 70% for the soil in Zone 1 in the finite element model to simulate the centrifuge tests
by Purwana et al. (2005) since it is found that when using this value, the distribution of
the excess pore pressures along the depth in Zone 1 obtained from our method matches that
measured in centrifuge tests as shown in Figure 7.7.
Purwana (2007) is using a method proposed by Merifield et al. (2003) to estimate the
top resistance at breakout. In the following, we will introduce this method and thereafter
give some predictions by using this method to compare with the finite element results and
the centrifuge results.
Using three-dimensional numerical limit analysis, Merifield et al. (2003) studied the
pullout capacity of the horizontal anchors in uniform undrained clay. In their problem, it
is assumed that there is no adhesion or suction between the soil and anchor, which means
that the resistance on the top of anchors is equal to the pullout capacity. In their study, the
ultimate anchor pullout pressure is expressed as
qu = Qu/A = Ncocu + γH (7.8)
where Qu is the anchor pullout capacity, A the anchor area, Nco the anchor breakout factor
from cohesion, cu the undrained soil strength, γ the unit weight of the soil, and H the anchor
embedment depth. Eq. (7.8) indicates the assumption that the effects of soil unit weight and
cohesion are independent each other and may be superimposed, which has been verified in
Merifield et al. (2001).
In Merifield et al. (2003), the value of Nco determined from the numerical limit analyses
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for rough circular anchors (7.9)
where D is the diameter of the circular anchor and S is the shape factor shown in Figure 7.9.
Letting H = 13m, D = 12.5m and S = 2.0 in the present spudcan problem, we obtain
Nco = 3.75. In addition, we let the effective unit weight of the soil be 6.0kN/m3 as in the
finite element model. For the short term case in which the waiting time is zero, cu in Zone
1 is obtain as 5.8kPa by substituting w = 70% into Eq. (7.7). According to Eq. (7.8), we
obtain Qu = 12.1MN, in which the effective self-weight is 9.5MN and the shear resistance is
2.6MN. For the long term case, since we have not the value of cu before extraction of the
spudcan, we assume the soil has been fully consolidated and consequently the average cu in
Zone 1 may be obtained as 9.5kPa by using the relation of cu = 0.244σ′v which we have used
previously. Consequently, we obtain the top resistance Qu = 13.8MN using Eq. (7.8), in
which the effective self-weight is 9.5MN and the shear resistance is 4.3MN. It is found that
the magnitudes of the top resistance at breakout obtained by using the method proposed by
Merifield et al. (2003) are close to those from the finite element model and the centrifuge
tests (Purwana et al., 2005).
Stress field beneath spudcan base
In the finite element model, the effective stress field and the excess pore pressure field in the
soil beneath after the installation of the spudcan are obtained by applying a downward force
on the spudcan until the bearing capacity of the soil beneath is reached. The relationship
between the applied load and the spudcan displacement is shown in Figure 7.10. From Figure
7.10, it can be seen that the final load applied on the spudcan which causes bearing failure of
the soil in the finite element model is quite close to the maximum installation load measured
by Purwana et al. (2005).
7.3 Comparison of Numerical Results and Centrifuge Results
In the centrifuge tests by Purwana et al. (2005), the effects of two factors, namely the wait-
ing time of the spudcan and the ratio of the maintained vertical load over the maximum
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installation load, to the breakout process of the spudcan were investigated. Here, the waiting
time denotes the time duration of the soil consolidation when the maintained vertical load
is applied on the spudcan. In this section, the finite element model is used to back-analyze
these tests to compare the numerical results and the centrifuge results.
All the centrifuge tests by Purwana et al. (2005) were conduced at 100g. The pullout rate
of the spudcan in the centrifuge model was 10−3m/s. To simulate the centrifuge tests, the
appropriate parameters in the finite element model should be used according to the scaling
relations between the prototype and the centrifuge model as shown in Table 7.2 (Leung et
al., 1991). A method to determine the pullout rate of the spudcan in the finite element model
will be discussed below.
An appropriate non-dimensional parameter proposed by Finnie (1993) and Finnie and






where v is the penetration velocity, D the foundation diameter and cv the coefficient of
consolidation. Since the pullout rate of the spudcan will affect the soil consolidation during
the extraction process, we would use Eq. (7.10) to determine the pullout rate of the spudcan
in the finite element model. In this circumstance, v is the pullout rate and D is the diameter
of the spudcan. To match the finite element model and the centrifuge model, we let







, the subscript FE denotes the parameters in the
finite element model and the subscript cen denotes the parameters in the centrifuge model.
According to the scale relations between the prototype and the centrifuge model in Table
7.2, we have cvFE = cvcen and DFE = 100Dcen. Hence, by using Eq. (7.11), we obtain
vFE = vcen/100 = 10−5m/s in the finite element model. The effect of v on the breakout
process will be discussed in Section 7.5.
7.3.1 Effect of waiting time
Purwana et al. (2005) performed six tests to examine the effect of the waiting time of the
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spudcan, in which the waiting times were¿ 1 day, 53 days, 126 days, 244 days, 423 days and
843 days. According to the excess pore pressures measured at the base of the spudcan, they
found that the degrees of soil consolidation beneath the base of the spudcan were ¿ 1, 52%,
70%, 80%, 88% and 95%, respectively, corresponding to the above waiting times, where the
degree of soil consolidation was defined as (P0 − Pt) /P0, Pt is the excess pore pressure force
at the spudcan base after certain waiting time and P0 is the excess pore pressure force at the
spudcan base without consolidation. In all these tests, the ratio of the maintained vertical
load over the maximum installation load is fixed at 75%. The six tests are back-analyzed
using the present finite element model.
Figures 7.11 ∼ 7.16 show the relationships between the uplift force and the uplift dis-
placement of the spudcan, and between the excess pore pressures at three locations of the
spudcan base (i.e. center, 0.5r away from the center and 0.9r away from the center, where r
is the radius of the spudcan) and the uplift displacement of the spudcan from both the finite
element model and the centrifuge tests (Purwana et al., 2005) for the six tests with various
waiting times. In these figures, at the beginning of the extraction, the force on the spudcan
is the downward maintained vertical load. During the extraction process, the maintained
vertical load is first reduced to zero and thereafter the uplift force is applied. The excess
pore pressures at the beginning of the extraction are obtained by letting the soil consolidate
for the waiting time after the maximum installation load on the spudcan is reduced to the
maintained vertical load. From these figures, it is found that the relationships between the
uplift force and the uplift displacement of the spudcan from the finite element model are
in good agreement with those from the centrifuge tests for all the six tests. At the base of
the spudcan, the magnitudes of the excess pore pressures from the finite element model are
reasonably in agreement with those from the centrifuge tests when breakout occurs. How-
ever, the built up of suction (negative pore pressures) with the uplift displacement are quite
different before breakout occurs except for the case with the waiting time ¿ 1 day. At the
early stage of the extraction process, the suction (negative pore pressures) at the spudcan
base drop much faster in the finite element model than those in the centrifuge tests.
In the following, the centrifuge results for the case with 843 days waiting time will be
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analyzed to explain the above discrepancy. The uplift force measured by the load cell, the top
resistance obtained from the readings of the total pressure transducers and the base suction
force obtained from the readings of the pore pressure transducers during the extraction of
the spudcan are plotted in Figure 7.17, as well as the sum of the top soil resistance and the
base suction force. The uplift force is composed of the top soil resistance (downward), the
base suction (downward) and the base effective force in the soil (upward). Since at the early
stage of the extraction, the base effective force in the soil is unlikely to be equal to zero, i.e.
separation unlikely occurs, the sum of the top resistance and the base suction force should
be greater than the uplift force to satisfy the equilibrium condition of the spudcan. However,
from Figure 7.17, it is found that the sum of the top soil resistance and the base suction
force are less than the uplift force in most instances during the uplift process before breakout
occurs. Since the top soil resistance is reasonably accurate, the actual excess pore pressures
at the base of the spudcan must be much lower than the measured values. The centrifuge
results for the cases with 53 days, 126 days, 244 days and 423 days waiting times have the
same characteristics. After thoroughly analyzing the experiment process, it is found that a
possible reason causing the above discrepancy in the centrifuge tests is that the three PPTs,
which were intended to be installed at the base of the spudcan, were located further away
from the base. As a result, the PPTs may not be in direct contact with the soil at the base,
which may cause the readings of the three PPTs to be much lower than the actual values at
the early stage of the extraction process.
In this chapter, it is defined that the breakout occurs when the maximum uplift force is
achieved and the maximum uplift force is called the breakout force. The breakout force and
its two components: the top resistance and the base resistance at breakout from the finite
element model as well as those from the centrifuge model for the six tests are summarized
in Figure 7.18. The ultimate top soil resistance and base soil resistance in the finite element
model are obtained by summing the total nodal force at the top surface and the base surface
of the spudcan, respectively, when breakout occurs.
From Figures 7.18, it is observed that in the finite element results of the six tests, the
breakout force increases from 15.0MN to 31.6MN when the waiting time increases from ¿ 1
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day to 843 days. These results agree reasonably well with the results from the centrifuge
tests, where the breakout force increases from 17.2MN to 35.8MN when the waiting time
increases from ¿ 1 day to 843 days. The top resistance at breakout from the finite element
model increases from about 10.6MN to 12.7MN when the waiting time increases from ¿ 1
day to 843 days; while the top resistance at breakout in the centrifuge tests increases from
9.3MN to 12.5MN. It seems that the top resistances at breakout from the finite element
model and those from the centrifuge tests are very close. The base resistance at breakout
from the finite element model increases from about 3.8MN to 15.8MN when the waiting time
increases from ¿ 1 day to 843 days, whereas in the centrifuge tests, the base resistance at
breakout increases from 6.9MN to 21.8MN. The base resistances at breakout from the finite
element model are lower than the base soil resistance from the centrifuge results by about
30%.
The base resistance (downward) is equal to the base suction force (downward) plus the
base effective force in the soil (upward). In the centrifuge tests by Purwana et al. (2005),
it is found that when breakout occurs, the readings of pore pressure transducers are very
close to the readings of total pressure transducers at the base of the spudcan, which means
that the effective stresses at the base of the spudcan are close to zero. However, in the finite
element model, it is found that the effective stresses at the base of the spudcan still exist when
breakout occurs as shown in Section 7.4.1. Though the magnitudes of these effective stresses
are relative small compared to the excess pore pressures at the spudcan base at breakout, the
magnitudes of the ultimate base soil resistances are reduced in the finite element model. The
base suction forces from both the finite element model and the centrifuge tests for the six
tests when breakout occurs are compared in Figure 7.19. It is observed that from the finite
element model, the suction force at the base of the spudcan increases from about 6.6MN
when the waiting time is ¿ 1 day to 19.2MN when the waiting time is 843 days, whereas in
the centrifuge tests, the base suction force increases from about 6.9MN to 21.8MN. When
breakout occurs, the base suction forces from the finite element model are in good agreement
with the centrifuge results.
From the finite element model, the development of the average excess pore pressure at
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the base of the spudcan from the start of the waiting time to the end of the waiting time,
and finally to the time when breakout occurs are shown in Figure 7.20, where the centrifuge
results in Purwana (2007) are also presented for comparison. It is found that the results
from the finite element model agree well with those from the centrifuge tests. It is also found
that the decrease in the average excess pore pressure at the base of the spudcan during the
breakout process is quite similar for all the six tests with different waiting times. It should
be noted that in Figure 7.20, the centrifuge results of the decrease of the average excess pore
pressure at the base of the spudcan during the breakout process are slightly different from
those presented in Purwana et al. (2005) because here we believe that when calculating the
excess pore pressures at breakout, the breakout displacement (around 2m in the centrifuge
tests by Purwana et al. (2005)) should be considered.
7.3.2 Effect of ratio of maintained vertical load over maximum installation
load
Three centrifuge tests were conducted by Purwana et al. (2005) to examine the effect of the
ratio of the maintained vertical load over the maximum installation load, in which the ratios
are 25%, 50% and 75%, and the waiting time is fixed as 423 days. These three tests are
also back-analyzed using the present finite element model. The breakout force and its two
components: the top soil resistance and the base soil resistance from both the finite element
model and the centrifuge tests are presented in Figure 7.21. From Figure 7.21, it is found
that for the ultimate top soil resistances when breakout occurs, the finite element results are
very close to the centrifuge results. With the increase of the ratio of the maintained vertical
load over the maximum installation load, the top resistances at breakout remain almost
unchanged. However, the base resistance at breakout increases from 10MN to 13.5MN in
the finite element model and increases from 15MN to 18.5MN in the centrifuge tests when
the ratio of the maintained vertical load over the maximum installation load increases from
25% to 75%. The base resistance at breakout from the finite element model are about 30%
lower than those from the centrifuge tests. The breakout force increases from 23MN to 27MN
in the finite element model and increases from 27MN to 31MN in the centrifuge tests when
the ratio of the maintained vertical load over the maximum installation load increases from
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25% to 75%. The breakout forces from the finite element model are about 15% lower than
those from the centrifuge tests. It is noted that the increase of the breakout force with the
increase of the ratio of the maintained vertical load over the maximum installation load is
mainly contributed by the increase of the base resistance at breakout. However, the effect of
the ratio of the maintained vertical load over the maximum installation load on the breakout
force is not as significant as the effect of the waiting time discussed in the last section.
The base suction forces for the three tests when breakout occurs are shown in Figure
7.22. It is observed that from the finite element model, the suction force at the base of the
spudcan increases from about 12MN when the waiting time is ¿ 1 day to 17.3MN when the
waiting time is 843 days, whereas in the centrifuge tests, the suction force increases from
about 15MN to 18.5MN. It seems that the suction forces from the finite element model agree
well with the centrifuge results.
In the finite element model, the development of the average excess pore pressure at the
base of the spudcan from the start of the waiting time to the end of the waiting time, and
finally when breakout occurs are shown in Figure 7.23, where the results from the centrifuge
tests are also presented for comparison. It is observed that the results from the finite element
model agree well with those from the centrifuge tests. The three cases with different ratios
of the maintained vertical load over the maximum installation load start with quite different
excess pore pressures at the start of the waiting time, namely after the spudcan is unloaded
from the maximum installation load to the maintained vertical load, but ended up with fairly
similar excess pore pressures at the end of the waiting time. When breakout occurs, the
magnitudes of the excess pore pressure at the base of the spudcan increases with the increase
of the ratio of the maintained vertical load over the maximum installation load. However,
their difference is not as significant as the difference of the excess pore pressures at the start
of the waiting time. It should be noted that the centrifuge values of the decrease in the
average excess pore pressure during the breakout process presented here are slightly different
from those in Purwana et al. (2005). The reason has been given in the last section.
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7.4 Failure Mechanism in Extraction Process
In addition to the comparisons with the centrifuge results previously presented, the finite
element results for the centrifuge tests by Purwana et al. (2005) will be analyzed further in
this section to investigate the failure mechanism of the soil during the extraction process
of the spudcan. Here we only analyze two centrifuge tests in which the waiting times are
respectively ¿ 1 day and 843 days and the ratio of the maintained vertical load over the
maximum installation load is 75% since these two cases represent the two extreme conditions:
the spudcan is extracted immediately after installation and the spudcan is extracted after
the soil beneath the base of the spudcan is almost fully consolidated (Purwana et al., 2005).
For convenience, we would call these two cases as the “short term” case and the “long term”
case, respectively.
7.4.1 Separation of spudcan base from soil beneath
In saturated soil, the separation between the base of the spudcan and the soil beneath will
occur only when the normal effective stress at the interface drops to zero. Usually the
separation cannot occur unless either: (1) the dissipation of the pore pressures at the base of
spudcan is fast during the extraction process; or (2) the pore pressures drops far enough below
atmospheric for cavitation to occur (Thorne et al., 2004). At normal temperature (5 ∼ 25◦C),
pure water will undergo cavitation at a pressure of 80 ∼ 95kPa below atmospheric pressure.
Purwana et al. (2005) indicated that in their tests, cavitation would be unlikely to occur as
the initial pore pressure is limited by the hydrostatic pressure at the base of the spudcan prior
to the extraction. Therefore, here we only analyze the variation of the normal effective stress
at the interface between the base of the spudcan and the soil beneath during the extraction
process.
The finite element model is used to back-analyze the short term case and the long term
case. For these two cases, along the radial direction, the distribution of the normal effective
stresses at the base of the spudcan are plotted in Figures 7.24, corresponding to 0m, 0.1m,
0.3m, 0.5m, 1.0m, 1.5m and 2.0m of the uplift displacement of the spudcan. These normal
effective stresses are obtained through bi-linearly interpolating the stresses at the element
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level from the Gauss integral points. It is found that the normal effective stress at the
interface decreases with the increase of the uplift displacement. However, even when the
uplift displacement of the spudcan is 2m when the breakout force, which is defined as the
maximum uplift force required to extract the spudcan from the soil in this chapter, has been
achieved, all the normal effective stresses are still greater than zero. This means that in
the finite element analyses, the separations do not occur for both the short term and long
term cases before the breakout forces are achieved. When the breakout occurs, the average
values of the normal effective stresses at the base of the spudcan are about 25kPa and 40kPa
for the short term case and the long term case, respectively. However, from the centrifuge
tests, it was found that when breakout occurs, the readings from the total stress transducer
and the pore pressure transducer at the same location of the spudcan base are nearly the
same (Purwana, 2007). This means that in the centrifuge tests, the separation between the
spudcan base and the subsoil nearly occurred when breakout force was achieved.
7.4.2 Displacement vector field
In the following, the displacement vector fields from the finite element analysis for both the
short term and long term cases will be analyzed, meanwhile the displacement vector fields
obtained from the particle image velocimetry (PIV) tests by Purwana (2007), in which a half-
spudcan was placed behind a transparent perspex window so that the soil movement vectors
during the spudcan extraction can be evaluated (White et al., 2003), are also presented here
for comparison. The relative magnitudes and the directions of the displacement vectors could
provide an insight into the soil failure mechanism during the extraction of the spudcan.
For the short term case, when the uplift displacement of the spudcan is 0.1m, 0.5m, 1.0m
and 2.0m, vectors of the soil displacement from the finite element analyses and from the PIV
tests (Purwana, 2007) are respectively shown in Figures 7.25 ∼ 7.28. For a better view of the
soil movement around the spudcan, the highlighted pictures around the spudcan are shown
in Figures 7.29 ∼ 7.32. It is found that for the short term case, the finite element results
and the PIV results of the soil movement during the extraction of the spudcan are quite
similar. The displacement of the soil above the spudcan is almost vertically upwards before
breakout occurs because the undrained shear strength of the soil above the spudcan is low
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immediately after the installation of the spudcan and the ratio the penetration depth over
the diameter of the spudcan is relative small (=1.5). At the early stage of the extraction, the
soil below the spudcan moves towards the base of the spudcan and the downward soil flow
beside the spudcan is not evident. Thereafter, the soil flow is clearly indicated by both the
finite element results and the PIV results.
For the long term case, the vectors of the soil displacement from the finite element
analyses and the PIV tests (Purwana, 2007) are shown in Figures 7.33 ∼ 7.36 corresponding
to the uplift displacement of the spudcan is 0.1m, 0.5m, 1.0m and 2.0m. The highlighted
pictures around the spudcan are shown in Figures 7.37 ∼ 7.40. It is found that at the early
stage of the extraction, the soil movements from the finite element analysis are similar to
those from the PIV tests. The displacement of the soil above the spudcan is nearly upward,
which is similar to the shallow anchor problem (Thorne et al., 2004). The soil beneath the
base of the spudcan moves towards to the spudcan. However, when breakout is approached,
in the PIV tests, it is observed that the soil flows from the top surface to the bottom surface
of the spudcan, whereas this phenomenon is not as evident in the finite element model. The
difference between the fintie element results and the PIV results may be explained as follows.
In the PIV tests, the base of the spudcan may be separated to the subsoil when the uplift
displacement of the spudcan is 2m. As a result, the soil at the surface of the spudcan flows
into the gap formed. On the other hand, as discussed in the last section, it is found that
the normal effective stresses at the base of the spudcan are always greater than zero in the
finite element analyses, which means that there is no separation between the base of the
spudcan and the subsoil. However, the difference between the finite element results and the
PIV results only occurs when the breakout force is almost achieved, therefore, it is believed
that the breakout force obtained from the finite element model is still reliable through the
previous comparisons between the finite element results and the centrifuge results.
7.4.3 Excess pore pressure field
For both the short term and long term cases, the numerical contour plots of the excess
pore pressures at times prior to the extraction process of the spudcan and when the uplift
displacement of the spudcan is 2.0m when the breakout force is achieved are shown in Figures
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7.41 and 7.42. For the case of ¿ 1 day waiting time, prior to the extraction process, the
excess pore pressures are positive at the top and the base of the spudcan, whereas when
the displacement of the spudcan is 2m, the excess pore pressures are positive at the top but
negative at the base of the spudcan. The maximum magnitude of the negative excess pore
pressure at the base of the spudcan is about 75kPa. From the finite element analysis, the
average value of the negative excess pore pressure at the spudcan is about 54kPa, which is
close to the centrifuge value of about 56kPa. For the case of 843 days waiting time, prior to
the extraction process, the excess pore pressures are small around the spudcan because much
of the excess pore pressures have dissipated. When the displacement of the spudcan is 2m,
the excess pore pressures are positive at the top and negative at the base of the spudcan and
the magnitude of the maximum negative excess pore pressure at the base of the spudcan is
considerably larger (about 170kPa). The average value of the negative excess pore pressure
at the base of the spudcan is about 161kPa, which agrees well with the centrifuge result of
about 178kPa (Purwana et al., 2005).
7.4.4 Plastic strain magnitude field
For both the short term and long term cases, the magnitudes of plastic strain from the finite
element analysis are plotted in Figure 7.43 when the uplift displacement of the spudcan is
2m. It is observed that the plastic zones at the breakout are similar for both the short term
and long term cases. In the soil beneath the spudcan, the plastic zone is contained within a
distance of about 1.5 diameters of the spudcan in both the radial direction and in the vertical
direction. In the soil above the spudcan, the plastic zone is located at the upper edge of the
spudcan. From Figure 7.43, it is found that for both the short term and long term case, the
soil beneath the spudcan fails when breakout of the spudcan occurs.
7.4.5 Effective stress path
For both the short term and long term cases, the effective stress paths of the points in Figure
7.44 during the whole process from installation to extraction of the spudcan are shown in
Figure 7.45. In Figure 7.44, points 1 ∼ 5 are close to the centerline of the spudcan, points
6 ∼ 10 are about half of the radius of spudcan away from the centerline of the spudcan, and
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points 11 ∼ 15 are near the edge line of the spudcan. It is found that the shapes of the
effective stress paths on all points are quite similar except at Point 11, which is close to the
edge of spudcan, due to the singularity at the edge of spudcan and the strong rotation of the
principal stresses.
As discussed in Section 7.2.2, the critical state line (CSL) for the MCC model adopted
in this study is not unique in the p−q diagram, but is also affected by the Lode’s angle of the
stresses. Indeed, any line between the two CSLs shown in these figures can be a failure line,
depending on the orientation and relative values of the principle stresses. The maximum
slope Mmax of the CSL corresponds to failure in triaxial compression (at a Lode’s angle
θ = −30◦), while the minimum slope Mmin corresponds to failure under triaxial extension
(θ = 30◦). The one-dimensional normal consolidation line is also plotted in Figure 7.45. All
the effective stress paths set out from this line.
Point 8 is chosen as a typical point in the soil beneath the spudcan and its effective
stress paths in the cases with the waiting times of¿ 1 day and 843 days are shown in Figure
7.46. In Figure 7.46(b), we can clearly identify the four stages in the finite element analyses:
(1) application of load on the spudcan until failure occurs (this load is called the installation
load), (2) reduce the installation load to the working load, (3) allow the soil to consolidate
for a certain time (namely, waiting time), and (4) extracting the spudcan. There is no stage
3 in Figure 7.46(a) because in this case the waiting time is very short. In stage 3 of Figure
7.46(b), the soil strength increases with the elapse of the soil consolidation time. This is the
reason that why the base soil resistance is increased with the increase in the waiting time.
7.5 Parametric Studies
In this section, the finite element model developed in the previous sections will be used to
perform some parametric studies to give a better understanding of the breakout phenomenon
of spudcans. To be closer to the practical situations, we shall use marine clay in this section
instead of the Malaysia kaolin clay used in Purwana et al. (2005). In the following parametric
studies, the effects of the waiting time, the ratio of the maintained vertical load over the
maximum installation load, the pullout rate of the spudcan, the permeability of the soil, the
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penetration depth of the spudcan, and the geometric size of the spudcan on the breakout
process will be investigated, in which the former two has been studied by using the Malaysia
kaolin clay in Purwana et al. (2005) and in Section 7.3 of this chapter.
The basic properties of the Singapore lower marine clay are described in Table 7.3
(Chong, 2002), where the average values of these parameters are adopted here. The pa-
rameters used in this section are summarized in Table 7.4. In Table 7.4, three parameters
for the modified Cam clay model φ′, λ and κ are obtained directly or derived from Table
7.3, meanwhile we let the other two modified Cam clay parameters N be 3.97 according to
the laboratory tests by Chua (1991) and ν be 0.3 which lies within the range of 0.25 ∼ 0.37
recommended by Wroth (1972). In addition, we let the soil permeability k be 1.0× 10−9m/s,
which is a typical value for marine clays. The values of liquid limit, plastic limit, and over-
consolidated ratio in Table 7.4 are the average values from Table 7.3.
According to the results reported by Kee and Ims (1984) and Hossain et al. (2004b),
there should be no significant cavity at the top soil surface when the spudcan penetrates in
normally consolidated soil without an overconsolidated layer at the top of the soil. In this
section, the soil used is lightly overconsolidated with OCR=1.28 so that we may assume that
the mud line is flat after the penetration of the spudcan. For a 50-year design storm, the
common practice is to preload spudcan to twice the maintained vertical load (Cassidy, 1999;
Hossain et al., 2005). Therefore, we let the ratio of the maintained vertical load over the
maximum installation load be 50%. The pullout rate of the spudcan is 7mm/s, which is a
typical value in field (Keppel, 2006). The geometric size and the penetration depth of the
spudcan used are the same as those in Purwana et al. (2005). In this section, the above
values are adopted except when it is necessary to vary a parameter to study its effect on the
breakout process.
The longer operation period of jack-up rigs is about 1 ∼ 5 years (Keppel, 2006). For
convenience, we shall call the spudcan extraction problem with zero waiting time as the
“short term” case and with 2000 days (5.4 years) waiting time as the “long term” case in
this section. Therefore, the soil around the spudcan is allowed to consolidate for zero days
(namely no consolidation) and 2000 days respectively in the short term and long term cases
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after the installation of the spudcan.
In addition, in this chapter, the breakout force is defined as the maximum force achieved
during the extraction process of the spudcan and the breakout displacement is defined as the
displacement of the spudcan when the breakout force is achieved.
7.5.1 Effect of waiting time
In the following, the effect of the waiting time on the breakout process will be reexamined
using the Singapore lower marine clay. The soil properties in Table 7.4 are used in the finite
element model. The geometrical size and the penetration depth of the spudcan used are the
same as those in Purwana et al. (2005). In the analyses, we let the waiting times be 0 day,
20 days, 100 days, 200 days, 500 days, 1000 days, 2000 days, and the ratio of the maintained
vertical load over the maximum installation load is fixed at 50%. The finite element results of
the maximum installation load, breakout force, top soil resistance, base soil resistance, base
suction force and base effective force at breakout are shown in Figure 7.47. From Figure 7.47,
it is found that the breakout force increases from 16.8MN to 22.4MN when the waiting time
increases from 0 day to 2000 days. The increase of the breakout force is mainly contributed
by the increase of the base soil resistance (from 2.6MN to 7.5MN), whereas the variation of
the top soil resistance is insignificant (from 13.4MN to 14.2MN). The base soil resistance
(downwards) is the sum of the base suction force (downwards) and the base effective force
(upwards). It is found that with the increase of the waiting time, the base suction force
increases significantly compared to the slightly increase of the base effective force. Hence, the
increase of the breakout force with the increase in the waiting time is attributable mainly to
the increase in the base suction force. Generally, the conclusions obtained from the Singapore
lower marine clay are in agreement with those previously obtained from the Malaysia kaolin
clay.
However, it should be pointed out that even in the case with 2000 days waiting time, the
excess pore pressures in the soil beneath the spudcan is not completely dissipated because
of the very low soil permeability. The case with waiting time 20000 days is also considered
here, for which the breakout force is 30.6MN, the top soil resistance is 16.8MN and the base
suction force is 21.5MN. It is found that the breakout force and the base suction force at
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breakout in the case with 20000 days waiting time are much larger than those in the case
with 2000 days waiting time resulting from the further dissipation of excess pore pressures
in the soil.
7.5.2 Effect of ratio of maintained vertical load over maximum installation
load
The effect of the ratio of the maintained vertical load over the maximum installation load
is studied below using the Singapore lower marine clay. The soil properties in Table 7.4 are
used in the finite element model. The geometrical size of the spudcan and the penetration
depth used are the same as those in Purwana et al. (2005). In the analyses, we let the
ratios of the maintained vertical load over the maximum installation load are 0, 0.2, 0.4,
0.6, 0.8, 1.0, respectively, and the waiting time is fixed at 2000 days (long term case). The
finite element results are shown in Figure 7.48. It is found that the breakout force increases
from 21.0MN to 28.8MN when the ratio of the maintained vertical load over the maximum
installation load increases from 0 to 1.0. From the results presented above and in the last
section, it seems that the effect of the ratio of the maintained vertical load over the maximum
installation load is less significant than the effect of the waiting time on the breakout force,
which has been noted by Purwana et al. (2005). From Figure 7.48, it is also found that with
the increase in the ratio of the maintained vertical load over the maximum installation load,
the base suction force increases significantly, the base effective force also increases but less
significantly compared to the base suction force, and the ultimate top resistance is almost
unchanged. Similar to the effect of the waiting time, the increase of the breakout force with
the ratio of the maintained vertical load over the maximum installation load is also mainly
attributable to the increase of the base suction force at breakout.
7.5.3 Effect of pullout rate of spudcan
In this research, the breakout process of the spudcan is assumed to be a quasi-static process.
However, the pullout rate of the spudcan may influence the breakout process because the soil
consolidation during the breakout process is related to the pullout time. Normally in field the
pullout rate is about 7× 10−3m/s (Keppel, 2006). In the following, the effect of the pullout
rate of the spudcan on the breakout process will be investigated.
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In the following analyses, the soil properties in Table 7.4, and the same geometrical size
and penetration depth of the spudcan as those in Purwana et al. (2005) are used. Both the
short term and long term cases are analyzed, in which the waiting time is assumed to be 0
day and 2000 days, respectively. The ratio of the maintained vertical load over the maximum
vertical load is fixed at 50%. In both the short term and long term cases, we adopt seven
extraction rates: 10−5m/s, 5× 10−5m/s, 10−4m/s, 5× 10−4m/s, 10−3m/s, 5× 10−3m/s and
10−2m/s.
The computational results of the breakout force and its two main parts: top soil resistance
and base soil resistance at breakout, are shown in Figure 7.49. The two components of the base
soil resistance: base suction force and base effective force, are also presented in Figure 7.49.
The results plotted in Figure 7.49 are replotted in Figure 7.50 in which the breakout force,
the top soil resistance, the base soil resistance, the base suction force and the base effective
force corresponding to certain extraction rate are normalized by respectively dividing their
values corresponding to the pullout rate of 10−2m/s. From these results, it is observed that
for both the short term and long term cases, the breakout force, the top soil resistance and
the base soil resistance at breakout nearly do not change with the change in the pullout rate
within the range studied. In addition, the base suction force and the base effective force
slightly decrease with the decrease of the pullout rate. However, it should be noted that the
above conclusions are obtained based on the marine clays with relatively low permeability
(usually ≤ 1.0× 10−9m/s).
7.5.4 Effect of soil permeability
In the following, the soil properties in Table 7.4, and the same geometrical size and penetration
depth of the spudcan as those in Purwana et al. (2005) are used. The ratio of the maintained
vertical load over the maximum vertical load is fixed at 50%. The pullout rate of the spudcan
is assumed to be 7mm/s, which is a typical value adopted in the field (Keppel, 2006). The
cases with 0 day (short term case), 20 days, 100 days, 500 days, 1000 days, 2000 days (long
term case) waiting times are considered. To analyze the effect of the soil permeability on
the breakout process, we let the soil permeability be 10−5m/s, 10−6m/s, 10−7m/s, 10−8m/s,
10−9m/s and 10−10m/s, respectively, in each case with various waiting time.
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The breakout force, as well as the top soil resistance, base soil resistance, base suction
force and base effective force at breakout for all the above cases are presented in Figure
7.51. From the results, it is found that the soil permeability will affect the breakout force
significantly since the dissipation of the excess pore pressures in the soil during the waiting
time is directly related to the soil permeability. For instance, in the case with 20 days
waiting time, the breakout force reaches 34MN when the soil permeability is 10−5m/s. In
such condition, the soil is almost fully consolidated before the extraction of the spudcan since
the breakout force almost does not change when the waiting time increases. However, when
the soil permeability is 10−10m/s, the breakout force is only about 17MN, and increases with
the increase in the waiting time. Not only during the waiting time, the soil permeability also
affects the soil consolidation during the extraction process of the spudcan. However, it is
found that during the extraction process, the effect of the soil consolidation on the breakout
force can be neglected. For example, in the short term case without soil consolidation before
the extraction of the spudcan, the breakout force is almost constant for all the values of
the soil permeability adopted. In addition, from Figure 7.51, it is confirmed the conclusion
obtained previously that the variation of the breakout force is mainly attributable to the
variation of the base soil resistance, and the variation of the top soil resistance is insignificant
compared to the variation of the breakout force.
7.5.5 Effect of penetration depth of spudcan
The penetration depth of the spudcan depends mainly on the installation load applied, the
soil condition and the geometric size of the spudcan. In soft clays, the spudcan may penetrate
up to 2 or 3 diameters. In Purwana et al. (2005), a penetration depth of 1.5 times of the
diameter of the spudcan was studied. In the following, we will examine the influence of the
spudcan penetration depth on the breakout process.
The same geometric size of the spudcan as that in Purwana et al. (2005) and the soil
properties in Table 7.4 are used in the following analyses. Both the short term case with
zero waiting time and long term case with 2000 days waiting time are analyzed. The pullout
rate of the spudcan used here is 7mm/s which is usually used in the field. To investigate the
effect of the penetration depth of the spudcan, the penetration depth d is varied, keeping
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the same diameter of the spudcan D = 12.5m. The following penetration depth are studied:
d = 6.25m (d/D = 0.5), d = 12.5m (d/D = 1.0), d = 18.75m (d/D = 1.5), d = 25m
(d/D = 2.0), d = 31.25m (d/D = 2.5), and d = 37.5m (d/D = 3.0).
For both the short term and long term cases, the relationships between the breakout
force and the normalized uplift displacement are shown in Figure 7.52, in which the force
acting on the spudcan is the downward maintained vertical load at the beginning of the
extraction. From Figure 7.52, it is observed that for both the short term and long term
cases, as expected, both the breakout force and the breakout displacement increase with the
increase of the penetration depth of the spudcan. It is also found that in the long term case,
the breakout displacement is less than that in the short term case, which is in agreement
with the observations from the centrifuge tests by Purwana (2007). For the long term case,
the ratio of the breakout displacement over the diameter of the spudcan increases from about
0.025 to 0.05 when the value of d/D increases from 0.5 to 3.0, whereas for the short term
case, the ratio of the uplift displacement over the diameter of the spudcan increases from
about 0.05 to 0.1 when d/D increases from 0.5 to d/D = 3.0.
Figure 7.53 shows the maximum installation load, breakout force, buoyant weight of the
soil above the spudcan, top resistance, base resistance, base suction force and base effective
force in the soil at breakout corresponding to different values of d/D, where d is the pene-
tration depth and D is the diameter of the spudcan. From Figure 7.53, it is found that for
both the short term and long term cases, the top resistance at breakout increases much faster
than the base resistance at breakout with the increase of penetration depth and the top soil
resistance is close to the buoyant weight of the soil above the spudcan. In the short term
case, the breakout force is much less than the maximum installation load for any penetration
depth, whereas in the long term case, the breakout force is close to the maximum installation
force with the increase of the penetration depth.
Both the maximum installation load and the breakout force are related to the strength
of the soil beneath the spudcan. Figure 7.54 shows the relationship between ξ =(
F break − F top) /F install and d/D, where F install, F break and F top denote the maximum in-
stallation load, breakout force and top resistance at breakout, respectively. It is found that
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for both the short term and long term cases, the value of ξ is nearly uniform. For the short
term case, ξ ' 10%, and for the long term case, ξ ' 30%. The values of ξ corresponding
to other values of the waiting time are shown in Figure 7.55. If the value of ξ is known,
the breakout force may be estimated from the installation load since the top soil resistance
at breakout does not vary significantly with the variation of the waiting time compared to
the breakout force and we may use the buoyant weight of the soil above the spudcan as the
top soil resistance for both the short term and long term cases. However, here it should be
pointed out that the value of ξ is related not only to the waiting time, but also to the soil
properties and geometric size of the spudcan as will be shown in the next section.
7.5.6 Effect of geometric size of spudcan
In the following, we investigate the effect of the geometric size of the spudcan on the breakout
process. Both the short term and long term cases are analyzed using the soil properties in
Table 7.4. The pullout rate of the spudcan is 7mm/s. The diameter of the spudcan is varied,
keeping the same penetration depth of spudcan (d = 18.75m). The following diameters are
studied: D = 6.25m (d/D = 3.0), D = 7.5m (d/D = 2.5), D = 9.375m (d/D = 2.0),
D = 12.5m (d/D = 1.5), D = 18.75m (d/D = 1.0), and D = 37.5m (d/D = 0.5).
Obviously, the geometric size of the spudcan will affect the dissipation of the excess pore
pressures in the soil during the waiting time. For the soil consolidation in surface footing
problems, the following adjusted time factor is often used (McNamee and Gibson, 1960a,b;





where c¯ = 2Gk/γw is the adjusted coefficient of consolidation, G the shear modulus of the
soil, k the soil permeability, t the consolidation time, γw the unit weight of water, and R the
half-width of the strip footing or the radius of the circular footing. In this section, we let
the adjusted time factor τ for all the spudcans with various geometric sizes are the same to
eliminate the effect of the geometric size of the spudcan on the soil consolidation during the
waiting time. In the short term case, the waiting times are always zero. However, in the long
term case, the waiting times should be different for the spudcan with various geometric size.
To be consistent with the analyses in the previous sections, we let the waiting time for the
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spudcan with D = 12.5m is 2000 days. According to Eq. (7.12), we use 500 days waiting
time for the spudcan with D = 6.25m, 720 days waiting time for the spudcan with D = 7.5m,
1125 days waiting time for the spudcan with D = 9.735m, 4500 days waiting time for the
spudcan with D = 18.75m, and 18000 days waiting time for the spudcan with D = 37.5m.
Figure 7.56 shows the relationship between the uplift pressure (namely the uplift force
over the area of the widest section of the spudcan) and the normalized uplift displacement for
both the short term and long term cases. It is found that for both the short term and long
term cases, the uplift pressures at breakout are quite close for the cases involving different
geometric sizes of the spudcans.
Figure 7.57 shows the maximum installation force, breakout force, buoyant weight of the
soil above the spudcan, top resistance, base resistance, base suction force and base effective
force in the soil at breakout for different values of d/D. These results are replotted in Figure
7.58 in which the forces are divided by the area of the widest section of the spudcan denoted
by Area. It is found that for both the short term and long term cases, the pressures resulted
from the maximum installation load, breakout force, top resistance and base resistance are
approximately uniform when the diameter of the spudcan varies. It is also found that the
top resistance at breakout is quite close to the buoyant weight of the soil above the spudcan
in both the short term and long term cases.
Figure 7.59 shows the relationship between between ξ =
(
F break − F top) /F install and
d/D, in which the penetration d is fixed at 18.75m and the diameter of the spudcan varies.
From Figure 7.59, it is found that ξ is approximately uniform when the geometric size of the
spudcan varies. However, it should be pointed out that here we use different waiting time
for the spudcan with different geometric size to eliminate the effect of the geometric size of
the spudcan on the soil consolidation during the waiting time. We also presented the results
when the same 2000 days waiting time is used for the spudcan with different geometric size
in Figure 7.59 to show the geometric size of the spudcan on the soil consolidation during the
waiting time. It is found that ξ decreases with the increase in the diameter of the spudcan
when the same waiting time is used.
Similar to the discussion in the last section, given the value of ξ, F break can be obtained
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since F top can be approximated as the buoyant weight of the soil above the spudcan despite
the usual waiting time in practice (< 5 years), and F install can be obtained during the
installation process of the spudcan. It should be noted that ξ varies with the soil properties,
the waiting time and the geometric size of the spudcan.
7.6 Concluding Remarks
A finite element model has been developed to simulate the breakout phenomenon of a spud-
can embedded in soft clay. The spudcan was initially assumed to be “wished-in-place” at
the predetermined penetration depth in the soil. Assumptions were made to determine the
effective stress field and the excess pore pressure field caused by the installation of the spud-
can. Through back-analyzing the centrifuge tests performed by Purwana et al. (2005), it was
found that the results of the finite element model were generally in agreement with those
from the centrifuge tests.
The finite element results were used to investigate the failure mechanism during the
extraction of the spudcan in the centrifuge tests by Purwana et al. (2005). It was found that
when breakout occurs, the separation between the base of the spudcan and the soil beneath
may not occur, though the normal effective stresses were small compared to the suctions
(negative excess pore pressures) at the base of the spudcan. However, in the centrifuge tests
by Purwana et al. (2005), it was observed that when breakout occurs, the total pore pressure
was close to the total stress at the base of the spudcan, which indicated that the separation
took place. During the extraction process, the soil beneath and around the spudcan flow
towards the base of the spudcan and the soil beneath failed when breakout force is achieved.
In addition, the effective stress paths at typical points beneath the spudcan during the whole
simulation process were examined. It was found that the strength of the soil beneath the
spudcan increases with the elapse of the consolidation time which results in greater base
resistance to fail the soil beneath the spudcan at breakout. The base resistance of the spudcan
(downard) is the sum of the base suction force (downward) and the base effective force in the
soil (upward). The base suction force will increases with the increase in the base resistance.
Parametric studies were performed to investigate the effects of the pullout rate of the
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spudcan, the soil permeability, the penetration depth of the spudcan and the geometric size
of the spudcan on the breakout process using the properties of the Singapore lower marine
clay. In addition, the effects of the waiting time and the ratio of the maintained vertical load
over the maximum installation load on the breakout process, which has been examined using
the Malaysia kaolin clay, were reexamined here again. Through the parametric studies, the
following main findings were established:
(1) The breakout force increases considerably with the elapse of the waiting time, and
the contribution is mainly from the base resistance, whereas the top resistance does not vary
significantly. The base resistance is the sum of the base suction force plus the base effective
force in the soil. Since the variation of the base effective force in the soil is insignificant, we
may also say that the increase of the breakout force with longer waiting time is attributable
mainly to the increase in the base suction force, which has been found by Purwana et al.
(2005) in their centrifuge tests using the Malaysia kaolin clay.
(2) The breakout force increases with the increase in the ratio of the maintained vertical
load over the maximum installation load. The effect of the ratio of the maintained vertical
load over the maximum installation load on the breakout force is less than the effect of the
waiting time. The finite element results also showed that at breakout, both the base suction
force and the base effective force in the soil increases with the increase in the ratio of the
maintained vertical load over the maximum installation load.
(3) For marine clays with low permeability (usually ≤ 10−9m/s), the usual pullout rate
(10−5m/s ∼ 10−2m/s) has negligible influence on the breakout force, as well as the top soil
resistance and the base soil resistance at breakout. However, the base suction force and the
effective force will decrease slightly with a decrease of the pullout rate of the spudcan.
(4) It was found the soil permeability will affect the breakout force significantly since the
soil permeability is directly related to the dissipation of the excess pore pressures in the soil
during the waiting time, however, the excess pore pressures in the soil before the extraction
of the spudcan will greatly affect the breakout force.
(5) The breakout displacement for problems with long waiting time is less than that for
problems with short waiting time. When the waiting time is short, the breakout force is
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much less than the maximum installation load, whereas when the waiting time is long, the
breakout force may be greater than the maximum installation load. It was also found that
the ratio of the difference between the breakout force and the top resistance at breakout over
the maximum installation load nearly does not change with the variation of the penetration
depth of the spudcan if the waiting time is the same. The ratio will vary with the variation
of the soil properties, waiting time and the geometric size of the spudcan. For the Singapore
lower marine clay used in this chapter and the spudcan with 12.5m diameter, the ratio is
about 10% for the case with zero waiting time and about 30% for the case with 2000 days
(5.4 years) waiting time. The ratios corresponding to other waiting times are also given.
The top resistance of the spudcan at breakout does not vary significantly with the variation
of the waiting time and it can be approximated as the buoyant weight of the soil above the
spudcan. As a result, given the ratio, the breakout force may be estimated from the maximum
installation load.
(6) The geometric size of the spudcan will affect the soil consolidation during the waiting
time. To eliminate this effect, the different waiting time is used for the spudcan with different
geometric size in order to let the adjusted time factors for all cases are the same. After
considering the effect of the geometric size of the spudcan, it was found that the ratio of the
difference between the breakout force and the top resistance at breakout over the maximum
installation load may be approximately constant for both the short term and long term cases
in which various geometric size of the spudcan is involved.
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Table 7.1: Properties of Malaysia kaolin clay (after Goh, 2003).
LL PL Gs cv(m2/yr) k(m/s) φ′(◦) λ κ N ν
80% 35% 2.6 40 2.0× 10−8 23 0.244 0.053 3.35 0.3
where LL is liquid limit, PL is plastic limit, Gs is specific gravity, cv is coefficient of consolidation, k
is coefficient of permeability, and φ′, λ, κ, N and ν are five parameters for modified Cam clay model.
Table 7.2: Centrifuge scaling relations (after Leung et al., 1991).
Parameter Prototype Model









Time (diffusion) 1 1/N2
Tables 222
Table 7.3: Basic properties of Singapore Lower Marine Clay (after Chong, 2002).
Clay Fraction (%) 62 – 70
Liquid Limit, LL (%) 63 – 80
Plastic Limit, PL (%) 22 – 24
Sensitivity, Sr 3 – 6
Activity, Ac 0.5 – 0.9
Specific Gravity, Gs 2.62 – 2.78
Mineralogy Kaolinite, Illite Smectite and Quartz
Compression Index, Cc 0.72 – 1.01
Swelling Index, Cs 0.15 – 0.22
K0 = σ′h/σ
′
v 0.57 – 0.62
OCR 1.10 – 1.45
Friction Angle, φ′ 22◦ – 25◦
Table 7.4: Properties of Singapore lower marine clay used in parametric studies.
LL PL Gs k(m/s) φ′(◦) λ κ N ν OCR
71.5% 23% 2.7 1.0× 10−9 23.5 0.38 0.07 3.97 0.3 1.28























































































Figure 7.2: Undrained shear strength profile prior to extraction of spudcan in centrifuge tests































Figure 7.5: Assumptions for determination of effective stress field and excess pore pressure
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Figure 7.6: Undrained shear strength profiles from T-bar tests by Purwana (2007) before
installation of spudcan and at 0.75D and 1D away from centerline of spudcan immediately
after installation of spudcan, where D is diameter of spudcan.
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Figure 7.7: Distributions of excess pore pressures along depth in Zone 1 immediately after
installation of spudcan from centrifuge tests and assumptions used in finite element model.
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Effective weight of top soil
Merifield et al. (2003)
(a) Waiting time is ¿ 1 day






























Effective weight of top soil
Merifield et al. (2003)
(b) Waiting time is 843 days
Figure 7.8: Relationship between top resistance and uplift displacement of spudcan corre-
sponding to several values of water content assigned to soil in Zone 1 in finite element model.
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Figure 7.9: Ratio of breakout factor for circular and strip anchor (after Merifield et al., 2003).
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Figure 7.10: Relationship between load applied on spudcan and downward displacement of
spudcan from finite element model.
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(a) Total uplift force vs. uplift displacement
































(b) Base excess pore pressures vs. uplift displacement
Figure 7.11: Comparison of results from finite element model and those from centrifuge model
when waiting time is ¿ 1 day.
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(a) Total uplift force vs. uplift displacement
































(b) Base excess pore pressures vs. uplift displacement
Figure 7.12: Comparison of results from finite element model and those from centrifuge model
when waiting time is 53 days.
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(a) Total uplift force vs. uplift displacement































(b) Base excess pore pressures vs. uplift displacement
Figure 7.13: Comparison of results from finite element model and those from centrifuge model
when waiting time is 126 days.
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(a) Total uplift force vs. uplift displacement
































(b) Base excess pore pressures vs. uplift displacement
Figure 7.14: Comparison of results from finite element model and those from centrifuge model
when waiting time is 244 days.
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(a) Total uplift force vs. uplift displacement































(b) Base excess pore pressures vs. uplift displacement
Figure 7.15: Comparison of results from finite element model and those from centrifuge model
when waiting time is 423 days.
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(a) Total uplift force vs. uplift displacement































(b) Base excess pore pressures vs. uplift displacement
Figure 7.16: Comparison of results from finite element model and those from centrifuge model
when waiting time is 843 days.
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Top resistance + Base suction force
Figure 7.17: Centrifuge results of uplift force, top resistance and base suction force for the
case with 843 days waiting time from Purwana et al. (2005).
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Figure 7.18: Comparison of breakout force, top resistance and base resistance at breakout
from finite element model and those from centrifuge tests for six cases with various waiting
times.
























Figure 7.19: Comparison of base suction force at breakout from finite element model and
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(b) FE results
Figure 7.20: Development of average excess pore pressures at base of spudcan for six tests
with various waiting times.
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Figure 7.21: Comparison of breakout force, top resistance and base resistance at breakout
from finite element model and those from centrifuge tests for three cases with various ratios
of maintained vertical load over maximum installation load.
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Figure 7.22: Comparison of base suction forces at breakout from finite element model and






-200 -150 -100 -50 0 50 100 150 200 250
Average excess pore pressure at spudcan base (kPa)
181kPa 135kPa
101kPa172kPa




At the start of
waiting time
At the end of
waiting time









-200 -150 -100 -50 0 50 100 150 200 250
Average excess pore pressure at spudcan base (kPa)
170kPa 150kPa
107kPa140kPa




At the start of
waiting time
At the end of
waiting time






Figure 7.23: Development of average excess pore pressures at base of spudcan for three cases
with various ratios of maintained vertical load over maximum installation load.
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(a) Short term case
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Figure 7.24: Normal effective stresses at base of spudcan during extraction process from finite
element model.
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(a) Finite element results




























Figure 7.25: Displacement vector fields obtained from finite element model and PIV test
(Purwana, 2007) for short term case when uplift displacement of spudcan is 0.1m.
Figures 244
(a) Finite element results




























Figure 7.26: Displacement vector fields obtained from finite element model and PIV test
(Purwana, 2007) for short term case when uplift displacement of spudcan is 0.5m.
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(a) Finite element results
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Figure 7.27: Displacement vector fields obtained from finite element model and PIV test
(Purwana, 2007) for short term case when uplift displacement of spudcan is 1.0m.
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(a) Finite element results
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(b) Centrifuge results
Figure 7.28: Displacement vector fields obtained from finite element model and PIV test
(Purwana, 2007) for short term case when uplift displacement of spudcan is 2.0m.
Figures 247
(a) Finite element results (b) Centrifuge results
Figure 7.29: Displacement vector fields around spudcan obtained from finite element model
and PIV test (Purwana, 2007) for short term case when uplift displacement of spudcan is
0.1m.
(a) Finite element results (b) Centrifuge results
Figure 7.30: Displacement vector fields around spudcan obtained from finite element model
and PIV test (Purwana, 2007) for short term case when uplift displacement of spudcan is
0.5m.
Figures 248
(a) Finite element results (b) Centrifuge results
Figure 7.31: Displacement vector fields around spudcan obtained from finite element model
and PIV test (Purwana, 2007) for short term case when uplift displacement of spudcan is
1.0m.
(a) Finite element results (b) Centrifuge results
Figure 7.32: Displacement vector fields around spudcan obtained from finite element model
and PIV test (Purwana, 2007) for short term case when uplift displacement of spudcan is
2.0m.
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(a) Finite element results




























Figure 7.33: Displacement vector fields obtained from finite element model and PIV test
(Purwana, 2007) for long term case when uplift displacement of spudcan is 0.1m.
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(a) Finite element results




























Figure 7.34: Displacement vector fields obtained from finite element model and PIV test
(Purwana, 2007) for long term case when uplift displacement of spudcan is 0.5m.
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(a) Finite element results
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Figure 7.35: Displacement vector fields obtained from finite element model and PIV test
(Purwana, 2007) for long term case when uplift displacement of spudcan is 1.0m.
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(a) Finite element results
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(b) Centrifuge results
Figure 7.36: Displacement vector fields obtained from finite element model and PIV test
(Purwana, 2007) for long term case when uplift displacement of spudcan is 2.0m.
Figures 253
(a) Finite element results (b) Centrifuge results
Figure 7.37: Displacement vector fields around spudcan obtained from finite element model
and PIV test (Purwana, 2007) for long term case when uplift displacement of spudcan is
0.1m.
(a) Finite element results (b) Centrifuge results
Figure 7.38: Displacement vector fields around spudcan obtained from finite element model
and PIV test (Purwana, 2007) for long term case when uplift displacement of spudcan is
0.5m.
Figures 254
(a) Finite element results (b) Centrifuge results
Figure 7.39: Displacement vector fields around spudcan obtained from finite element model
and PIV test (Purwana, 2007) for long term case when uplift displacement of spudcan is
1.0m.
(a) Finite element results (b) Centrifuge results
Figure 7.40: Displacement vector fields around spudcan obtained from finite element model








































(b) Uplift displacement is 2.0m
Figure 7.41: Excess pore pressure fields obtained from finite element model during extraction

































(b) Uplift displacement is 2.0m
Figure 7.42: Excess pore pressure fields obtained from finite element model during extraction














































(b) Long term case
Figure 7.43: Plastic strain magnitude fields obtained from finite element model for both short



































Figure 7.44: Locations of some typical points beneath spudcan on which effective stress paths
are investigated.
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(a) Short term case






















(b) Long term case






















(c) Short term case






















(d) Long term case






















(e) Short term case






















(f) Long term case
Figure 7.45: Effective stress paths on some typical points beneath spudcan during whole
simulation process.
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(a) Short term case





















(b) Long term case
Figure 7.46: Explanation of effective stress path on Point 8 during whole simulation process.
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Figure 7.47: Maximum installation load, breakout force and force components at breakout
for the cases with various waiting times.
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Figure 7.48: Maximum installation load, breakout force and force components at breakout





































































(b) Long term case


































































(b) Long term case
Figure 7.50: Normalized breakout force and its components at breakout for the cases with














































































































































































































(f) 2000 days waiting time
Figure 7.51: Breakout force and its components at breakout for the cases with various waiting
time and soil permeability.
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(a) Short term case
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(b) Long term case
Figure 7.52: Relationship between uplift force and normalized uplift displacement for spud-
cans with different penetration depth, where d is penetration depth of spudcan and D is
diameter of spudcan.
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(a) Short term case
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(b) Long term case
Figure 7.53: Maximum installation load, breakout force and force components at breakout
corresponding to various normalized penetration depth of spudcan, where d is penetration
depth of spudcan and D is diameter of spudcan.
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Figure 7.54: Ratios of difference between breakout force and top resistance at breakout
over maximum installation load corresponding to various normalized penetration depth of
spudcan.























Figure 7.55: Ratios of difference between breakout force and top resistance at breakout over
maximum installation load corresponding to various waiting times.
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(a) Short term case
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(b) Long term case
Figure 7.56: Relationship between uplift pressure and normalized uplift displacement for
different geometric size of spudcans, where d is penetration depth of spudcan and D is
diameter of spudcan.
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(a) Short term case



























(b) Long term case
Figure 7.57: Maximum installation load, breakout force and other force components at break-
out corresponding to various geometric size of spudcans, where d is penetration depth of
spudcan and D is diameter of spudcan.
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(a) Short term case





























Effective weight of top soil
(b) Long term case
Figure 7.58: Maximum installation load, breakout force and force components at breakout
divided by area of widest section of spudcan corresponding to various geometric size of spud-
cans, where d is penetration depth of spudcan and D is diameter of spudcan.
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Long term case using same waiting time
Figure 7.59: Ratios of difference between breakout force and top resistance at breakout over





Mobile jack-ups have been used extensively in the offshore industry to drill oil and gas wells in
water depths up to about 100 meters. Since jack-ups are not permanent structures, they are
moved to other locations for future operations. Consequently, spudcans, as the foundations of
jack-ups are known as, are removed from the seabed bottom after each operation. However,
often large uplift force and considerable time are required in the field for the extraction of
spudcans from the seabed bottom, especially when spudcans are deeply embedded in soft
clay. To accurately predict the uplift force and uplift time required in advance to guide
field operations, the physical mechanisms involved in the breakout process of spudcans must
be well understood, and numerical/analytical models could be developed for this purpose.
The aim of this project was to develop numerical models to simulate the breakout process
of spudcans, which may either be partially or completely embedded in the seabed. This
was achieved by utilizing the newly developed enhanced finite elements for problems of soil
consolidation. The main findings of the work are summarized in this chapter and then some
areas for future work are suggested.
8.2 Main Findings
The research starts by developing the fundamental methodology used in the development
of the numerical models. Hybrid and enhanced finite element methods with bi-linear inter-
polations for both the solid displacements and the pore fluid pressures were derived based
on mixed variational principles for problems of elastic soil consolidation (Sandhu and Pis-
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ter, 1970, 1971; Sandhu et al., 1977). Both plane strain and axisymmetric problems were
studied. It was found that by choosing appropriate interpolation of enhanced strains in the
enhanced method, and by choosing appropriate interpolations of strains, effective stresses
and enhanced strains in the hybrid method, the oscillations of nodal pore pressures could
be eliminated. Several numerical examples demonstrating the capability and performance of
the enhanced and hybrid finite element methods were presented. It was also shown that for
some situations, such as problems involving high Poisson’s ratio and in other related prob-
lems where bending effects are evident, the performance of the enhanced and hybrid methods
were superior to that of the conventional displacement-based method. The results from the
hybrid method were better than those from the enhanced method for some situations, such as
problems in which soil permeability is variable or discontinuous within elements. Since all the
element parameters except the nodal displacements and nodal pore pressures were assumed
at the element level and could be eliminated by static condensation, the implementations of
the enhanced method and the hybrid method were basically the same as the conventional
displacement-based finite element method. The present enhanced method and hybrid method
could be extended to non-linear consolidation problems. Since the extension of the hybrid
method is more difficult, only the enhanced method was extended to non-linear consolidation
problems in this research.
Many low-order displacement-based finite elements with exact integration are not suit-
able for estimating collapse loads of undrained geotechnical problems, especially for axisym-
metric cases (Sloan and Randolph, 1982). As a result, higher-order elements have to be
used for these situations. In this research, the enhanced assumed strain (EAS) finite ele-
ment method proposed by Simo and Rifai (1990) for elasticity problems were extended to
plasticity problems to determine collapse loads. The numerical results for the problem of a
smooth rigid surface footing on a deep purely cohesive undrained soil layer were given. It
was demonstrated that the 4-noded quadrilateral EAS finite element is capable of estimating
the collapse loads accurately for both undrained plane strain and axisymmetric problems.
Based on the above work, the plane strain and axisymmetric enhanced elements devel-
oped for elastic consolidation problems were extended to plasticity soil consolidation prob-
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lems. The low-order consolidation element could predict not only collapse loads accurately,
but could also suppress the oscillation of the nodal pore pressures even when the undrained
condition is approached. The enhanced consolidation elements were used in the numerical
models developed to simulate the breakout process of spudcans.
Spudcans may either be partially or completely penetrated into the seabed depending
on the loading, seabed condition and geometric size of spudcans, etc. Since different physical
mechanisms are involved in these two situations, different numerical models were developed
in this research.
Firstly, the breakout process of a circular disk initially resting at the seabed surface was
studied. Thereafter, the numerical model developed for the disk at the seabed surface was
extended to the partially penetrated spudcan problem. In the numerical model, the seabed
was assumed to be elastic and porous, and the objects (disk or spudcan) were assumed to
be rough and rigid. The breakout process was assumed to comprise three stages in sequence:
no-gap stage, transition stage and with-gap stage. The no-gap stage was defined from the
time when the uplift force is applied on the disk to the time when the disk begins to be
separated from the seabed surface. The transition stage was defined from the time when the
disk begins to be separated from the seabed surface to the time when the disk is separated
from the seabed surface by a tiny gap. And the with-gap stage was defined from the time
when the disk is separated from the seabed surface by a tiny gap to the time when the disk is
lifted up. In the numerical model, Biot’s consolidation theory was employed as the governing
equations for the seabed in all the above three stages. The numerical model developed in
this research could simulate the whole breakout process consistently, in which we only need
to solve a consolidation problem of the seabed subjected to different boundary conditions in
the no-gap stage, transition stage and with-gap stage at the seabed surface. Some numerical
predictions for the whole breakout process of the disk initially lying on the soil surface were
compared with the experimental results provided in Sawicki and Mierczyn´ski (2003) and was
found that they were in fair agreement.
The numerical model was used to perform some parametric studies for the breakout
process of a disk resting on the seabed surface and a spudcan partially penetrated into the
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seabed. It was found that the Young’s modulus and the Poisson’s ratio of the seabed affect
the no-gap stage and the transition stage significantly, whereas their influence on the with-
gap stage may be neglected when strong seabed (> 10MPa) and not very large net unit force
(< 10kPa) were involved. The time durations of both the no-gap stage and the transition
stage were approximately inversely proportional to the Young’s modulus and the permeability
of the soil, and were related to the ratio of the total uplift force over the submerged weight of
the disk. It was also found that the time duration of the with-gap stage was approximately
inversely proportional to the net uplift force and proportional to k−2/3, where k is the soil
permeability. The time durations required by the three stages were also compared and it
was shown that the relative magnitudes of these time durations depend on the parameters
involved and it would be difficult to decide a priori which stage is dominant during the
breakout process.
In the final part of this research, a finite element model based on the enhanced method
was developed to simulate the breakout process of spudcans completely embedded in soft
soil. In this model, a form of the modified Cam clay constitutive model originally proposed
by Roscoe and Burland (1968) was used, in which the yield and plastic potential surfaces
are given by a Mohr-Coulomb hexagon and a circle respectively in the deviatoric plane. The
finite element model was verified through back-analyzing the centrifuge tests by Purwana et
al. (2005). In the finite element model, the stress field immediately after the installation of
the spudcan should be known in order to simulate the extraction of the spudcan. From the
stress field immediately after the installation of the spudcan we can obtain the stress field at
the initial stage of the extraction process after simulating the preloading stage by reducing
the maximum installation load to the maintained vertical load and allowing consolidation of
the soil to take place to simulate the operation period of the spudcan. However, because of
the complexity of the spudcan installation process which would involve large displacements
and large strains, certain assumptions were made to approximate the state of stresses in
the soil after the installation of the spudcan. In the finite element model, initially, the
spudcan was assumed to be “wished-in-place” at a predetermined depth of the soil. The
analysis procedure involved four steps: (1) using assumptions to approximate the effective
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stress field and the excess pore pressure field in the soil above the spudcan top after the
installation of the spudcan. The effective stress field and the excess pore pressure field in the
soil below the spudcan base after the installation of the spudcan were obtained by applying
load on the spudcan until bearing failure of the soil beneath is achieved. The maximum
installation load on the spudcan is the load on the spudcan at the end of this stage, (2)
reducing the maximum installation load on the spudcan to the maintained vertical load, (3)
letting the soil consolidate for a predetermined time, i.e. the operation (waiting) time, and
(4) applying uplift force to extract the spudcan. The numerical results were compared to the
comprehensive experimental results of Purwana et al. (2005) and it was found that they were
in good agreement.
After the development and verification of the finite element model, some parametric
studies were also performed using the finite element model, in which the properties of the
Singapore lower marine clay was used for the soil instead of the Malaysia kaolin clay used in
Purwana et al. (2005). In addition to the effects of waiting time and ratio of the maintained
vertical load over the maximum installation load on the breakout process of the spudcan
examined in Purwana et al. (2005), the effects of the pullout rate of the spudcan, permeability
of the soil, penetration depth of the spudcan, and geometric size of the spudcan were studied.
It was found that for the marine clays, the breakout force increases considerably with the
elapse of the waiting time, and the increase of the breakout force is attributable mainly to
the increase in the suction force at the base of the spudcan. With an increase in the ratio of
the maintained vertical load over the maximum installation load, the breakout force will also
increase. These conclusions are similar to those obtained using the Malaysia kaolin clay in
Purwana et al. (2005). It was also found that for marine clays, the breakout force does not
change significantly when usual pullout rate of the spudcan (10−5m/s ∼ 10−2m/s) is used.
The soil permeability (10−5m/s ∼ 10−10m/s) will affect the breakout force significantly since
the consolidation of the soil during the waiting time is closely related to the soil permeability
and the excess pore pressures in the soil before the extraction of the spudcan will influence
the breakout force significantly. Utilizing the finite element results, there was an attempt
to relate the breakout force to the maximum installation load. The ratio of the difference
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between the breakout force and the top resistance at breakout over the maximum installation
load is related to the soil properties, the waiting time and the geometric size of the spudcan.
For the Singapore marine clay and the spudcan with 12.5m diameter used in Purwana et al.
(2005), it was found that the ratio is 10% when the waiting time is zero and is 30% when
the waiting time is 2000 days (5.4 years) for all the cases with various spudcan penetrations.
To eliminate the effect of the geometric size of the spudcan on the soil consolidation during
the waiting time, different waiting times are used for spudcans with different geometric sizes
by letting them have the same adjusted time factor c¯t/R2, where c¯ is the adjusted coefficient
of consolidation, t is the waiting time and R is the radius of the widest part of the spudcan.
After the above adjustment of the waiting time, it was found that the ratio of the difference
between the breakout force and the top resistance at breakout over the maximum installation
load is approximately constant for all the cases involving spudcans with different geometric
sizes. The top resistance at breakout does not vary significantly with the variation of the
waiting time and may be approximated as the buoyant weight of the soil above the spudcan.
As a result, the breakout force could be estimated from the maximum installation load if the
ratio of the difference between the breakout force and the top resistance at breakout over the
maximum installation load is known.
8.3 Areas for Future Research
Because few numerical/analytical models for the breakout phenomenon could be found in the
public domain, there is much scope for future research.
8.3.1 Extending numerical model for partially embedded spudcans to ob-
jects with any geometric shape
In this research, only axisymmetric objects, i.e. disk and spudcan, were considered in the
numerical model when simulating the breakout process of objects lying on the seabed sur-
face or partially embedded in the seabed. For an object with plane strain or axisymmetric
geometric shape, the governing equations for the fluid motion in the tiny gap between the
object and the seabed surface can be solved analytically in the with-gap stage. Consequently,
the with-gap stage in the breakout process could be handled by converting the coupled disk-
8.3: Areas for Future Research 279
fluid-seabed interaction into appropriate boundary conditions at the seabed surface below
the object. However, for an object with any geometric shape, numerical methods may have
to be used to solve the governing equations for the fluid motion in the tiny gap.
8.3.2 Modeling installation process of spudcans
In this research, the spudcan was “wished-in-place” at the predetermined depth, and there-
after some approximations were used to obtain the effective stress field and excess pore
pressure field in the soil immediately after the installation of the spudcan so that the sim-
ulation of the complex installation process of the spudcan was avoided. However, this is an
approximate method and soil remoulding is not simulated. Therefore, the simulation of the
installation process of the spudcan would be necessary to study how it cause changes in the
soil properties.
8.3.3 Using large strain finite element method for completely embedded
spudcans
For the breakout process of the spudcan completely embedded in soft soil, the breakout force
will not be achieved until the displacement of the spudcan is quite large (about 15% of the
diameter of the spudcan). In this research, small strain finite element method was used to
simulate the breakout process. Though the results from the small stain finite element model
were satisfactory compared to the experimental results presented in Purwana et al. (2005),
large strain finite element method is recommended for future research in order to capture
more details of the breakout process of the spudcan.
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